CHAPTER -l -l

Fourier Analysis

This chapter on Fourier analysis covers three broad areas: Fourier series in Secs. 11.1-11.4,
more general orthonormal series called Sturm—Liouville expansions in Secs. 11.5 and 11.6
and Fourier integrals and transforms in Secs. 11.7-11.9.

The central starting point of Fourier analysis is Fourier series. They are infinite series
designed to represent general periodic functions in terms of simple ones, namely, cosines
and sines. This trigonometric system is orthogonal, allowing the computation of the
coefficients of the Fourier series by use of the well-known Euler formulas, as shown in
Sec. 11.1. Fourier series are very important to the engineer and physicist because they
allow the solution of ODEs in connection with forced oscillations (Sec. 11.3) and the
approximation of periodic functions (Sec. 11.4). Moreover, applications of Fourier analysis
to PDEs are given in Chap. 12. Fourier series are, in a certain sense, more universal than
the familiar Taylor series in calculus because many discontinuous periodic functions that
come up in applications can be developed in Fourier series but do not have Taylor series
expansions.

The underlying idea of the Fourier series can be extended in two important ways. We
can replace the trigonometric system by other families of orthogonal functions, e.g., Bessel
functions and obtain the Sturm-Liouville expansions. Note that related Secs. 11.5 and
11.6 used to be part of Chap. 5 but, for greater readability and logical coherence, are now
part of Chap. 11. The second expansion is applying Fourier series to nonperiodic
phenomena and obtaining Fourier integrals and Fourier transforms. Both extensions have
important applications to solving PDEs as will be shown in Chap. 12.

In a digital age, the discrete Fourier transform plays an important role. Signals, such
as voice or music, are sampled and analyzed for frequencies. An important algorithm, in
this context, is the fast Fourier transform. This is discussed in Sec. 11.9.

Note that the two extensions of Fourier series are independent of each other and may
be studied in the order suggested in this chapter or by studying Fourier integrals and
transforms first and then Sturm-Liouville expansions.

Prerequisite: Elementary integral calculus (needed for Fourier coefficients).
Sections that may be omitted in a shorter course: 11.4—11.9.
References and Answers to Problems: App. 1 Part C, App. 2.

11.1 Fourier Series

474

Fourier series are infinite series that represent periodic functions in terms of cosines and
sines. As such, Fourier series are of greatest importance to the engineer and applied
mathematician. To define Fourier series, we first need some background material.
A function f(x) is called a periodic function if f(x) is defined for all real x, except
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Fig. 258. Periodic function of period p

possibly at some points, and if there is some positive number p, called a period of f(x),
such that

(D) f(x + p) = f(x) for all x.

(The function f(x) = tan x is a periodic function that is not defined for all real x but
undefined for some points (more precisely, countably many points), that is x = *=77/2,
*37/2,--- )

The graph of a periodic function has the characteristic that it can be obtained by periodic
repetition of its graph in any interval of length p (Fig. 258).

The smallest positive period is often called the fundamental period. (See Probs. 2-4.)

Familiar periodic functions are the cosine, sine, tangent, and cotangent. Examples of
functions that are not periodic are x, xz, x3, ¢”, cosh x, and In x, to mention just a few.

If f(x) has period p, it also has the period 2p because (1) implies f(x + 2p) =
f(x + p] + p) = f(x + p) = f(x), etc.; thus for any integer n = 1,2,3,---,

2) f(x + np) = f(x) for all x.

Furthermore if f(x) and g (x) have period p, then af(x) + bg(x) with any constants a and
b also has the period p.

Our problem in the first few sections of this chapter will be the representation of various
Junctions f(x) of period 27 in terms of the simple functions

3) 1, cos x, sinux, cos 2x, sin2x,---, cos nx, sinnx,::-.

All these functions have the period 27r. They form the so-called trigonometric system.
Figure 259 shows the first few of them (except for the constant 1, which is periodic with
any period).

\ N ANYA
0 T 21 o\/n\/m 0 2n

cos X cos 2x cos 3x

c/\z or c/\ 7/\ or 0 7 on
N VoV

sin x sin 2x sin 3x

Fig. 259. Cosine and sine functions having the period 27 (the first few members of the
trigonometric system (3), except for the constant 1)
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The series to be obtained will be a trigonometric series, that is, a series of the form

ag + aycos x + by sinx + ascos 2x + bg sin 2x + - -

4 i .
) =aqg + E (a,, cos nx + by, sin nx).
n=1
ao, a1, by, as, bs, - - - are constants, called the coefficients of the series. We see that each

term has the period 27r. Hence if the coefficients are such that the series converges, its
sum will be a function of period 21.

Expressions such as (4) will occur frequently in Fourier analysis. To compare the
expression on the right with that on the left, simply write the terms in the summation.
Convergence of one side implies convergence of the other and the sums will be the
same.

Now suppose that f(x) is a given function of period 277 and is such that it can be
represented by a series (4), that is, (4) converges and, moreover, has the sum f(x). Then,
using the equality sign, we write

5) f(x) = ag + i(an cos nx + by, sin nx)

n=1

and call (5) the Fourier series of f(x). We shall prove that in this case the coefficients
of (5) are the so-called Fourier coefficients of f(x), given by the Euler formulas

O a=5- J_ F0) dx
6) (a) a”:FJ f(x) cos nx dx n=12---
(b) an%J f(x) sin nx dx n=12---

The name “Fourier series” is sometimes also used in the exceptional case that (5) with
coefficients (6) does not converge or does not have the sum f(x)—this may happen but
is merely of theoretical interest. (For Euler see footnote 4 in Sec. 2.5.)

A Basic Example

Before we derive the Euler formulas (6), let us consider how (5) and (6) are applied in
this important basic example. Be fully alert, as the way we approach and solve this
example will be the technique you will use for other functions. Note that the integration
is a little bit different from what you are familiar with in calculus because of the n. Do
not just routinely use your software but try to get a good understanding and make
observations: How are continuous functions (cosines and sines) able to represent a given
discontinuous function? How does the quality of the approximation increase if you take
more and more terms of the series? Why are the approximating functions, called the
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partial sums of the series, in this example always zero at 0 and 77? Why is the factor
1/n (obtained in the integration) important?

EXAMPLE 1 Periodic Rectangular Wave (Fig. 260)

Find the Fourier coefficients of the periodic function f(x) in Fig. 260. The formula is

—k if —mT<x<0
7 fx) = { and fx + 2) = f(x).
ko if 0o<x<m

Functions of this kind occur as external forces acting on mechanical systems, electromotive forces in electric
circuits, etc. (The value of f(x) at a single point does not affect the integral; hence we can leave f(x) undefined
atx = 0and x = *7.)

Solution. From (6.0) we obtain ap = 0. This can also be seen without integration, since the area under the
curve of f(x) between —7r and 7 (taken with a minus sign where f(x) is negative) is zero. From (6a) we obtain
the coefficients ay, as, -+ of the cosine terms. Since f(x) is given by two expressions, the integrals from —7r
to 7 split into two integrals:

1 T 1 0 T
an:;J f(x)cosnxdx:;H' (7k)cosnxdx+J kcosnxdx}
-7 0

-
T
o }
because sin nx = 0 at —71, 0, and 77 for alln = 1, 2, ---. We see that all these cosine coefficients are zero. That

is, the Fourier series of (7) has no cosine terms, just sine terms, it is a Fourier sine series with coefficients
by, b, - - - obtained from (6b);

sin nx

1{ sinnx |°
=—| -k
ar

-

0

bn=ij f(x)sinnxdx:%{J

pon (—k) sin nx dx + J ksinnxdx}
0

]

- -

COos nx

1{ cos nx |°
= |
T n

—ar

Since cos (—a) = cos a and cos 0 = 1, this yields

k 2k
by, = ——[cos 0 — cos (—n7) — cos nT + cos 0] = E(l — COS nTr).

n
Now, cos m = —1,cos 2 = 1, cos 37m = —1, etc.; in general,
—1 foroddn, 2 forodd n,
cos N = and thus 1 — cosnm =
1 forevenn, 0 forevenn.

Hence the Fourier coefficients b,, of our function are

=% =0 L -
1= 2 = 0, =3 g = 0, 5=
flx)
k r
- 0 T 2r x
P

Fig. 260. Given function f(x) (Periodic reactangular wave)
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Since the a,, are zero, the Fourier series of f(x) is

4k 1. 1.
®) ?(smergstSx+gsm5x+-~~).
The partial sums are

4k 4k (. L.
S§1 = —sinux, So = — | sinx + 5 sin 3x |. etc.
T T 3

Their graphs in Fig. 261 seem to indicate that the series is convergent and has the sum f(x), the given function.
We notice that at x = 0 and x = 77, the points of discontinuity of f(x), all partial sums have the value zero, the
arithmetic mean of the limits —k and k of our function, at these points. This is typical.

Furthermore, assuming that f(x) is the sum of the series and setting x = 77/2, we have

T 4k 1 1
f<7)=k=;<1—§+§—+---).

Thus

111 -
e
305 7 4

This is a famous result obtained by Leibniz in 1673 from geometric considerations. It illustrates that the values
of various series with constant terms can be obtained by evaluating Fourier series at specific points. [ |
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Fig. 261. First three partial sums of the corresponding Fourier series
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THEOREM 1

PROOF

Derivation of the Euler Formulas (6)

The key to the Euler formulas (6) is the orthogonality of (3), a concept of basic importance,
as follows. Here we generalize the concept of inner product (Sec. 9.3) to functions.

Orthogonality of the Trigonometric System (3)

The trigonometric system (3) is orthogonal on the interval —m = x = 1 (hence
also on 0 = x = 277 or any other interval of length 277 because of periodicity); that
is, the integral of the product of any two functions in (3) over that interval is 0, so
that for any integers n and m,

o

(a) cosnxcosmxdx =0 (n # m)
) (b) J sin nx sin mx dx = 0 (n # m)
(c) sin nx cos mx dx = 0 (n # morn = m).

-

This follows simply by transforming the integrands trigonometrically from products into
sums. In (9a) and (9b), by (11) in App. A3.1,

J COs nx cos mx dx = EJ cos (n + m)x dx + EJ cos (n — m)x dx

J sin nx sin mx dx = EJ cos (n — m)x dx — EJ cos (n + m)x dx.

- - -
Since m # n (integer!), the integrals on the right are all 0. Similarly, in (9c), for all integer
m and n (without exception; do you see why?)

a a
. 1
J sin nx cos mx dx = EJ

- -

1 o
sin (n + m)xdx-i-gj sin(n —mxdx=0+0. W

Application of Theorem 1 to the Fourier Series (5)
We prove (6.0). Integrating on both sides of (5) from — to 77, we get

J fx) dx = J {ao + i (a,, cos nx + by, sin nx)} dx.

- n=1

We now assume that termwise integration is allowed. (We shall say in the proof of
Theorem 2 when this is true.) Then we obtain

Jf(x)dx=aoj dx + i(anj cosnxdx-l—bnj

—1r — n=1 - —r

m

sin nx dx).
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The first term on the right equals 277 a,. Integration shows that all the other integrals are 0.
Hence division by 27 gives (6.0).

We prove (6a). Multiplying (5) on both sides by cos mx with any fixed positive integer
m and integrating from —r to 7, we have

m

(10) J f(x) cos mx dx = J

{ao + E (ay, cos nx + by, sin nx) | cos mx dx.

n=1

We now integrate term by term. Then on the right we obtain an integral of ag cos mx,
which is 0; an integral of a,, cos nx cos mx , which is a,,7 for n = m and 0 for n # m by
(9a); and an integral of b, sin nx cos mx, which is 0 for all n and m by (9c). Hence the
right side of (10) equals a,,7. Division by 71 gives (6a) (with m instead of n).

We finally prove (6b). Multiplying (5) on both sides by sin mx with any fixed positive
integer m and integrating from —r to 7, we get

w

(11) J f(x) sin mx dx = J {ao + 2 (ay, cos nx + by, sin nx) | sin mx dx.
- -1 n=1

Integrating term by term, we obtain on the right an integral of aq sin mx, which is 0; an
integral of a,, cos nx sin mx, which is 0 by (9¢); and an integral of b,, sin nx sin mx, which
is by, if n = m and O if n # m, by (9b). This implies (6b) (with n denoted by m). This
completes the proof of the Euler formulas (6) for the Fourier coefficients. |

Convergence and Sum of a Fourier Series

The class of functions that can be represented by Fourier series is surprisingly large and
general. Sufficient conditions valid in most applications are as follows.

Representation by a Fourier Series

Let f(x) be periodic with period 27 and piecewise continuous (see Sec. 6.1) in the
interval —m = x = 1. Furthermore, let f(x) have a left-hand derivative and a right-
hand derivative at each point of that interval. Then the Fourier series (5) of f(x)
[with coefficients (6)] converges. Its sum is f(x), except at points x, where f(x) is
discontinuous. There the sum of the series is the average of the left- and right-hand
limits? of f(x) at x.

f(x)
f(1-0)
1 2The left-hand limit of f(x) at x¢ is defined as the limit of f(x) as x approaches xq from the left
/ and is commonly denoted by f(xo — 0). Thus
f(1+0)
| f(xo — 0) = lim f(xo — h) as h — O through positive values.
0 1 X h—0
Fig. 262. Left- and The right-hand limit is denoted by f(xy + 0) and
right-hand limits
f(xo + 0) = lim f(xo + h) as h — 0O through positive values.
f-0)=1 0
fl1+0)= % The left- and right-hand derivatives of f(x) at xo are defined as the limits of
of the function f(xo = h) — flxo — 0) Sflxo + 1) — flxg + 0)
5 —h —h '
X if x <1
f(x) = respectively, as 7 — 0 through positive values. Of course if f(x) is continuous at xq, the last term in
x/2 ifx=1 both numerators is simply f(xq).
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PROOF

EXAMPLE 2

We prove convergence, but only for a continuous function f(x) having continuous first
and second derivatives. And we do not prove that the sum of the series is f(x) because
these proofs are much more advanced; see, for instance, Ref. [C12] listed in App. 1.
Integrating (6a) by parts, we obtain

T ] a
74[ (%) sin nx dx.

ni
- -

an:%J f(x)cosnxdxzjw

-

The first term on the right is zero. Another integration by parts gives

a
~ f'(x) cos nx
no 2
nm

21 J " (x) cos nx dx.
n*m

—Tr -

The first term on the right is zero because of the periodicity and continuity of f'(x). Since
f " is continuous in the interval of integration, we have

"ol <M

for an appropriate constant M. Furthermore, |cos nx| = 1. It follows that

laul = ——
n 2

<2LJ de=2ﬂ
n-ar

5
n“mwl_, n

J " (x) cos nx dx

-1

Similarly, b, <2M / n? for all n. Hence the absolute value of each term of the Fourier
series of f(x) is at most equal to the corresponding term of the series

|a0|+2M<1+1+1+1+1+1+~-->
22 22 32 32

which is convergent. Hence that Fourier series converges and the proof is complete.
(Readers already familiar with uniform convergence will see that, by the Weierstrass
test in Sec. 15.5, under our present assumptions the Fourier series converges uniformly,
and our derivation of (6) by integrating term by term is then justified by Theorem 3 of
Sec. 15.5.) |

Convergence at a Jump as Indicated in Theorem 2

The rectangular wave in Example 1 has a jump at x = 0. Its left-hand limit there is —k and its right-hand limit
is k (Fig. 261). Hence the average of these limits is 0. The Fourier series (8) of the wave does indeed converge
to this value when x = 0 because then all its terms are 0. Similarly for the other jumps. This is in agreement
with Theorem 2. |

Summary. A Fourier series of a given function f(x) of period 277 is a series of the form
(5) with coefficients given by the Euler formulas (6). Theorem 2 gives conditions that are
sufficient for this series to converge and at each x to have the value f(x), except at
discontinuities of f(x), where the series equals the arithmetic mean of the left-hand and
right-hand limits of f(x) at that point.
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PROBLEM SET 11.1

PERIOD, FUNDAMENTAL PERIOD

The fundamental period is the smallest positive period. Find
it for

1. cosx, sinx, cos2x, sin2x, coOS7Tx, Sin 7x,
cos 27Tx, sin 27mx
. 27X . 2mx 27T nx
2. cos nx, sinnx, cos = sin = cos P
29Tnx

sin 3

3. If f(x) and g(x) have period p, show that h(x) =
af(x) + bg(x) (a, b, constant) has the period p. Thus
all functions of period p form a vector space.

4. Change of scale. If f(x) has period p, show that
f(ax), a # 0, and f(x/b), b # 0, are periodic functions
of x of periods p/a and bp, respectively. Give examples.

5. Show that f = const is periodic with any period but has
no fundamental period.

GRAPHS OF 277—PERIODIC FUNCTIONS

Sketch or graph f(x) which for —7 < x < 7 is given as
follows.

6. f(x) = |xl

7. f(x) = |sin x|, f(x) = sin x|

8. f(0) = el f() = [e7]

X if —7m<x<0
9. f(x) =
T —x if Oo<x<m
—cos?x if —m<x<0
10. f(x) = ) )
cos“x if o<x<m

11. Calculus review. Review integration techniques for
integrals as they are likely to arise from the Euler
formulas, for instance, definite integrals of x cos nx,

%2 sin nx, e 2% cos nyx, etc.

12-21| FOURIER SERIES

Find the Fourier series of the given function f(x), which is
assumed to have the period 277. Show the details of your
work. Sketch or graph the partial sums up to that including
cos 5x and sin Sx.

12. f(x) in Prob. 6

13. f(x) in Prob. 9

4. fx)=x2 (—m<x<m)

15. f(x) = x2 (0 < x < 2m)

16.

1
57

- 0o 1 T
V 51

17.

18.

19.

20.

21.

22,

23.

24.

T
- 0 T
1

L
- 0 T
T
|
- 0 Pid
1
2" (
[ 1 | 1
- Ly 0 1l 7
2 L 2
1.
2
T
I
- b

1

CAS EXPERIMENT. Graphing. Write a program for
graphing partial sums of the following series. Guess
from the graph what f(x) the series may represent.
Confirm or disprove your guess by using the Euler
formulas.

(@) 2(sinx + 3 sin3x + & sin5x + )

— 2(3sin 2x + Zsin4x + & sin 6x )

| —

4 1 1
+ = +— + = +oe
(b) - (cosx 9 cos 3x 2 cos S5x )

N

(c) 5772 + 4(cos x — %cos 2x + écos 3x — % cos 4x
+ =

Discontinuities. Verify the last statement in Theorem

2 for the discontinuities of f(x) in Prob. 21.

CAS EXPERIMENT. Orthogonality. Integrate and

graph the integral of the product cos mx cos nx (with

various integer m and n of your choice) from —a to a
as a function of @ and conclude orthogonality of cos mx
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25.

and cos nx (m # n) fora = 7 from the graph. For what if £ is continuous but f’ = df/dx is discontinuous, 1/n®
m and n will you get orthogonality for a = /2, /3, if fand f' are continuous but f” is discontinuous, etc.
/47 Other a? Extend the experiment to cos mx sin nx Try to verify this for examples. Try to prove it by

and sin mx sin nx.

integrating the Euler formulas by parts. What is the

CAS EXPERIMENT. Order of Fourier Coefficients. practical significance of this?
The order seems to be 1/n if fis discontinous, and 1/n>

11.2 Arbitrary Period. Even and Odd Functions.
Half-Range Expansions

We now expand our initial basic discussion of Fourier series.

Orientation. This section concerns three topics:

1. Transition from period 277 to any period 2L, for the function f, simply by a
transformation of scale on the x-axis.

2. Simplifications. Only cosine terms if f is even (“Fourier cosine series”). Only sine
terms if f'is odd (“Fourier sine series”).

3. Expansion of f given for 0 = x = L in two Fourier series, one having only cosine
terms and the other only sine terms (‘“half-range expansions”).

1. From Period 271 to Any Period p = 2L

Clearly, periodic functions in applications may have any period, not just 277 as in the last
section (chosen to have simple formulas). The notation p = 2L for the period is practical
because L will be a length of a violin string in Sec. 12.2, of a rod in heat conduction in
Sec. 12.5, and so on.

The transition from period 27 to be period p = 2L is effected by a suitable change of
scale, as follows. Let f(x) have period p = 2L. Then we can introduce a new variable v
such that f(x), as a function of v, has period 2. If we set

P 2T w
(D) (a) x= py- v, so that (b) v = D x = Lx

then v = =1 corresponds to x = *L. This means that f, as a function of v, has period
27t and, therefore, a Fourier series of the form

2) fx) =f(7l;_ v) = ay + i (ay, cos nv + by, sin nv)

n=1

with coefficients obtained from (6) in the last section

1 (7 (L 1 (7, (L
a0=ﬁj f(ﬂ_v>dv, a”:FJ f(wv>cosnvdv,

b, = %J f(iv)sinnv dv.

-

3)
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We could use these formulas directly, but the change to x simplifies calculations. Since

(@) v = E)c, we have dv = 7 dx
L L

and we integrate over x from —L to L. Consequently, we obtain for a function f(x) of
period 2L the Fourier series

(5) f@=a+ S <an cos %x + by, sin ”ZH)
n=1

with the Fourier coefficients of f(x) given by the Euler formulas (77/L in dx cancels
1/ in (3))

L
1
©) a= 2LJ_Lf(x)dx
LE
(6) (@ a,= LJ_Lf(x) cos ndex n=172--
1 b narx
®) b, = LLf(x) sin 7 dx n=1,2

Just as in Sec. 11.1, we continue to call (5) with any coefficients a trigonometric series.
And we can integrate from O to 2L or over any other interval of length p = 2L.

Periodic Rectangular Wave

Find the Fourier series of the function (Fig. 263)

if —2<x<-—1

flx) = if —1<x< 1 p=2L=4, L=2.

[ )

if I<x< 2

Solution. From (6.0) we obtain ay = k/2 (verify!). From (6a) we obtain
1(? nirx 1! nirx 2k . nm
a, = —| f(x)cos——dx=—| kcos——dx =—sin—.
2 2 -1 2
Thus a,, = 0 if n is even and

ay =2k/nm if n=1,509,--, an = —2k/nm if n=3,7,11,---.

From (6b) we find that b,, = 0 forn = 1, 2, ---. Hence the Fourier series is a Fourier cosine series (that is, it
has no sine terms)

k 2k T 1 3 1 ST
fx)=—+ —|cos—x— —cos—x+ —cos—x — +--|. [ |
2 m 2 3 2 5 2
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flx)
k
flx)
k -2 2 X
1 M, r
- | I
-2 -1 0 1 2 x
Fig. 263. Example 1 Fig. 264. Example 2

EXAMPLE 2 Periodic Rectangular Wave. Change of Scale
Find the Fourier series of the function (Fig. 264)
-k if -2<x<0
fx) = p=2L=4, L=2.
k if 0<x<2

Solution. Since L = 2, we have in 3) v = 7rx/2 and obtain from (8) in Sec. 11.1 with v instead of x, that is,

4k [ . 1 . 1 .
g(v) =—|sinv + —sin3v + —sin5v + -+
T 3 5

the present Fourier series
4k (. 1 . 3w 1 . 5o
fx)=—{(sin—x+ —sin—x + —sin—x +---|.
T 2 3 2 5 2
Confirm this by using (6) and integrating. |

EXAMPLE 3 Half-Wave Rectifier

A sinusoidal voltage E sin wt, where ¢ is time, is passed through a half-wave rectifier that clips the negative
portion of the wave (Fig. 265). Find the Fourier series of the resulting periodic function

0 if —L<t<0, 2T T
u(t) = p=2L="—  L=—
Esinwr if 0<tr<L @

Solution. Since u = 0 when —L < ¢ < 0, we obtain from (6.0), with 7 instead of x,

T/w

w
ap =
21

S

. E
Esinotdt = —
T

and from (6a), by using formula (11) in App. A3.1 with x = wtf and y = not,

® /o ) wE T/ ) )
a, = — E sin wt cos nwt dt = — [sin (1 + n) wt + sin (1 — n) wt] dt.
), 2 ),
If n = 1, the integral on the right is zero, and if n = 2, 3,---, we readily obtain

wE cos (1 + m)wt cos (1 — n)wt 7/
" 271-{ 1+ no (1-no L

E (—cos(l +mm + 1 —cos (1 — n)ym + l>
=— + .
2 1+n 1—n

If n is odd, this is equal to zero, and for even n we have

E 2 2 2E
y = — + = - (n=2,4,---).
2w\l +n 1—n (n— n+ DHm
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Fig. 266.
Even function

Fig. 267.
Odd function

2]
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In a similar fashion we find from (6b) that »; = E/2 and b,, = 0 for n = 2, 3,---. Consequently,

E E . 2E 1
u(t) =— + —sinwt — — cos 2wt + cos 4wt + -+ |. [ |
T 2 T \1-3 .
B L\
) 0 mlw t

Fig. 265. Half-wave rectifier

2. Simplifications: Even and Odd Functions

If f(x) is an even function, that is, f(—x) = f(x) (see Fig. 266), its Fourier series (5)
reduces to a Fourier cosine series

(5%) fx) = ag + i a,, cos %x (feven)
n=1

with coefficients (note: integration from O to L only!)

1 L 2 k nmwx
(6%) ao 3 L f(x) dx, a, 3 JO f(x) cos 7 dx, n=1,2--.

If f(x) is an odd function, that is, f(—x) = —f(x) (see Fig. 267), its Fourier series (5)
reduces to a Fourier sine series

(5%%) flx) = i b, sin %x (fodd)
n=1

with coefficients
L

(6%%) b, = J F(x) sin %dx.
0

I

These formulas follow from (5) and (6) by remembering from calculus that the definite
integral gives the net area (= area above the axis minus area below the axis) under the
curve of a function between the limits of integration. This implies

L L
(a) J gx)dx = ZJ g (x) dx for even g
A -L 0
L
(b) J h(x)dx =0 for odd h

—L

Formula (7b) implies the reduction to the cosine series (even f makes f(x) sin (n7rx/L) odd
since sin is odd) and to the sine series (odd f makes f(x) cos (n7rx/L) odd since cos is even).
Similarly, (7a) reduces the integrals in (6*) and (6**) to integrals from 0 to L. These reductions
are obvious from the graphs of an even and an odd function. (Give a formal proof.)
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EXAMPLE 4

THEOREM 1

EXAMPLE 5

Summary

Even Function of Period 2. If fis even and L = 77, then

f(x) = ag + 2 a,, Cos nx

n=1
with coefficients

w

1 (7 2
ao=EJ F@) dx. an:?J f0) cos nxdx, n=1,2,-
0 0

Odd Function of Period 277. If fis odd and L = 7, then

flx) = i by, sin nx

n=1
with coefficients

2 a
b":FJ f(x) sin nx dx, n=12---.
0

Fourier Cosine and Sine Series

The rectangular wave in Example 1 is even. Hence it follows without calculation that its Fourier series is a
Fourier cosine series, the b, are all zero. Similarly, it follows that the Fourier series of the odd function in
Example 2 is a Fourier sine series.

In Example 3 you can see that the Fourier cosine series represents u(r) — E/m — %E sin wt. Can you prove
that this is an even function?

Further simplifications result from the following property, whose very simple proof is left
to the student.

Sum and Scalar Multiple

The Fourier coefficients of a sum fi + fo are the sums of the corresponding Fourier

coefficients of f1 and fo.

The Fourier coefficients of cf are c times the corresponding Fourier coefficients of f.

Sawtooth Wave
Find the Fourier series of the function (Fig. 268)

f)=x+m if —m<x<m and  f(x + 2m) = f(x).

fx)

- T X

Fig. 268. The function f(x). Sawtooth wave
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|
T X

Fig. 269. Partial sums Sy, So, S3, S¢ in Example 5

Solution. We have f = f; + f», where f; = x and f = 7. The Fourier coefficients of f, are zero, except for
the first one (the constant term), which is 7. Hence, by Theorem 1, the Fourier coefficients a,, b,, are those of
/1, except for ag, which is 7. Since f; is odd, a,, = 0 forn = 1,2,---, and

T

2 (7 2
bn:;f fl(x)sinnxdx:;[ X sin nx dx.
(] (]

Integrating by parts, we obtain

2 [ —xcos nx " (" 2
b,=—|——| +—| cosnxdx|= ——cosnm.
T n n n
0 0
Hence by = 2, by = —%, by = %, by = —%, -+, and the Fourier series of f(x) is
. 1 . 1 . .
fx)y=m+2 smx—gsm2x+gsm3x— + ). (Fig. 269) M

3. Half-Range Expansions

Half-range expansions are Fourier series. The idea is simple and useful. Figure 270
explains it. We want to represent f(x) in Fig. 270.0 by a Fourier series, where f(x)
may be the shape of a distorted violin string or the temperature in a metal bar of length
L, for example. (Corresponding problems will be discussed in Chap. 12.) Now comes
the idea.

We could extend f(x) as a function of period L and develop the extended function into
a Fourier series. But this series would, in general, contain both cosine and sine terms. We
can do better and get simpler series. Indeed, for our given f we can calculate Fourier
coefficients from (6*) or from (6**). And we have a choice and can take what seems
more practical. If we use (6%), we get (5%). This is the even periodic extension f; of f
in Fig. 270a. If we choose (6%*) instead, we get (5**), the odd periodic extension f5 of
fin Fig. 270b.

Both extensions have period 2L. This motivates the name half-range expansions: f is
given (and of physical interest) only on half the range, that is, on half the interval of
periodicity of length 2L.

Let us illustrate these ideas with an example that we shall also need in Chap. 12.
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fx)
L x

(0) The given function f(x)

f,(0

1 1 |
L L x

(a) f(x) continued as an even periodic function of period 2L

1 =
2

(b) f(x) continued as an odd periodic function of period 2L

Fig. 270. Even and odd extensions of period 2L

EXAMPLE 6 “Triangle” and Its Half-Range Expansions

A Find the two half-range expansions of the function (Fig. 271)
2k

L
0 L/2 L x —X if 0<x<-—
L 2

Fig. 271. The given Sflx) =
L 2k L
function in Example 6 f(L —x if 5 <x<L.

Solution. (a) Even periodic extension. From (6%) we obtain

172k (M2 2% (&
ag = —|— xdx + — (L—x)dx|=—,
LLLJ L L2
272k (M2 nm 2% (- nar
a, = —|— xcos—xdx + — (L — x)cos—x dx |.
LlLl L Lo L

We consider a,,. For the first integral we obtain by integration by parts

L/2 L2
L . nm
- — sin — x dx
L

2 . nw 12 ni
=_——sin —+ 5 5|cos —— 1)
2n 2 nor 2

L/2
/ nir Lx . nm
xcos—xdx = —sin—x
L nir L

0

Similarly, for the second integral we obtain

L nir L . oni
(L—x)cos—xdx =—(L — x)sin—x
L2 L n L

L/2

L L\ . nm 12 nar
=\0——\L—-—sin— )= —5 5| cos nmm —cos — |.
nim 2 2 nem 2
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We insert these two results into the formula for a,,. The sine terms cancel and so does a factor L. This gives

4k (2 nir - 1)
=-——|2cos — —cos nm — 1.
o n?m? 2
Thus,
ay = —16k/(2%7%),  ag = —16k/(6®>T>), a9 = —16k/(10*7>), -
and a, = 0if n # 2,6, 10, 14,---. Hence the first half-range expansion of f(x) is (Fig. 272a)
) k 16k(1 2 +1 6 N )
x)=———F|5cos—x+—5cos—x+-).
2 7\22 L 62 L

This Fourier cosine series represents the even periodic extension of the given function f(x), of period 2L.
(b) Odd periodic extension. Similarly, from (6**) we obtain

) b 8k . nm
= —— sin —.
L 2

Hence the other half-range expansion of f(x) is (Fig. 272b)
8k (1 . m 1 . 37w 1 . 57
f)=—|—sin—x - —sin—x+ —sin —x— + - |.
m\12 L 32 L 52 L

The series represents the odd periodic extension of f(x), of period 2L.
Basic applications of these results will be shown in Secs. 12.3 and 12.5. [ |

-L 0 L x

(a) Even extension

(b) Odd extension

Fig. 272. Periodic extensions of f(x) in Example 6

PROBLEM SET 11.2

EVEN AND ODD FUNCTIONS FOURIER SERIES FOR PERIOD p = 2L

Are the following functions even or odd or neither even nor Is the given function even or odd or neither even nor

odd? odd? Find its Fourier series. Show details of your
L ¢ e x3cosnx, xZtanx, sinhx — coshx work.

2. sin?x, sin(x%), Inx, x/(x2 + 1), xcotx

3. Sums and products of even functions 8.
4. Sums and products of odd functions

5. Absolute values of odd functions

6. Product of an odd times an even function

7. Find all functions that are both even and odd. -1

o
—
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9. 1 (b) Apply the program to Probs. 8-11, graphing the first
few partial sums of each of the four series on common
L L axes. Choose the first five or more partial sums until
-2 2 they approximate the given function reasonably well.
-1 Compare and comment.
10. 22. Obtain the Fourier series in Prob. 8 from that in
4 Prob. 17.
23-29| HALF-RANGE EXPANSIONS
- :L 4 Find (a) the Fourier cosine series, (b) the Fourier sine series.
Sketch f(x) and its two periodic extensions. Show the
details.
N 23.
1. f(x) =x2 (-1<x<1), p=2
12. f(x) = 1 — x%/4 (—2<x<2), p=4
I
13. 1 4
2
24. 1
| I
1 | 1
2 2 1
2 4
14. f(x) = cos mx (—%<x<%), p=1 25
15. . T
s
|
- T
.z i T
2
26. .
16. f(x) = xlx| (-1<x<1), p=2 2|
17.
I I
3 T
2
-1 1 27. .
2
18. Rectifier. Find the Fourier series of the function
obtained by passing the voltage v(r) = V,cos 1007t
through a half-wave rectifier that clips the negative |
half-waves. T T
2
19. Trigonometric Identities. Show that the familiar
identities cos®x = %cos X+ % cos 3x and sin®x = % 28.
sin x — % sin 3x can be interpreted as Fourier series
expansions. Develop cos?x.
20. Numeric Values. Using Prob. 11, show that 1 + } +
L

21.

s+t - =gm

CAS PROJECT. Fourier Series of 2L-Periodic
Functions. (a) Write a program for obtaining partial
sums of a Fourier series (5).

29. f(x) = sinx (0 <x <)

30.

Obtain the solution to Prob. 26 from that of
Prob. 27.
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11.3 Forced Oscillations

EXAMPLE 1

Fourier series have important applications for both ODEs and PDEs. In this section we
shall focus on ODEs and cover similar applications for PDEs in Chap. 12. All these
applications will show our indebtedness to Euler’s and Fourier’s ingenious idea of splitting
up periodic functions into the simplest ones possible.

From Sec. 2.8 we know that forced oscillations of a body of mass m on a spring of
modulus k are governed by the ODE

6] my” + ¢y’ + ky = r(1)

where y = y(?) is the displacement from rest, ¢ the damping constant, k the spring constant
(spring modulus), and r(¢) the external force depending on time ¢. Figure 274 shows the
model and Fig. 275 its electrical analog, an RLC-circuit governed by

) LI" + RI' + %1 =E () (Sec. 2.9).

We consider (1). If r(7) is a sine or cosine function and if there is damping (¢ > 0),
then the steady-state solution is a harmonic oscillation with frequency equal to that of r(7).
However, if r(#) is not a pure sine or cosine function but is any other periodic function,
then the steady-state solution will be a superposition of harmonic oscillations with
frequencies equal to that of r(¢) and integer multiples of these frequencies. And if one of
these frequencies is close to the (practical) resonant frequency of the vibrating system (see
Sec. 2.8), then the corresponding oscillation may be the dominant part of the response of
the system to the external force. This is what the use of Fourier series will show us. Of
course, this is quite surprising to an observer unfamiliar with Fourier series, which are
highly important in the study of vibrating systems and resonance. Let us discuss the entire
situation in terms of a typical example.

Q

Spring
RS L
External Mass m
force r(t)
Dashpot o

(e,
E®)
Fig. 274. Vibrating system Fig. 275. Electrical analog of the system
under consideration in Fig. 274 (RLC-circuit)

Forced Oscillations under a Nonsinusoidal Periodic Driving Force

In (1), let m = 1 (g), ¢ = 0.05 (g/sec), and k = 25 (g/secz), so that (1) becomes

2) y" + 0.05y" + 25y = r(1)
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rt)
/2

SR

Fig. 276. Force in Example 1

where r(f) is measured in g - cm/secz. Let (Fig. 276)

t+ if —m<r<o,

™
2
r(t) = r(t + 2m) = r().

T
—I+E if o<tr<m,

Find the steady-state solution y().

Solution. We represent r(f) by a Fourier series, finding
(3) ® 4( z+1 3z+1 5t + )
r(t) = —| cos — COS — oS s
m 32 52
Then we consider the ODE

, 4
(4) y" +0.05y" + 25y = — cosnt n=13,-")
nm

whose right side is a single term of the series (3). From Sec. 2.8 we know that the steady-state solution y,, ()
of (4) is of the form

5) Y = Ay cos nt + By, sin nt.
By substituting this into (4) we find that

4025 — n?) 0.2 2.2 2
T S— B, = s where D, = 25 — n)" + (0.05n)".
n“mwD,, nmwD,,

(6) Ap

Since the ODE (2) is linear, we may expect the steady-state solution to be
O] y=ytystys+t--

where y,, is given by (5) and (6). In fact, this follows readily by substituting (7) into (2) and using the Fourier
series of r(f), provided that termwise differentiation of (7) is permissible. (Readers already familiar with the
notion of uniform convergence [Sec. 15.5] may prove that (7) may be differentiated term by term.)

From (6) we find that the amplitude of (5) is (a factor V/D,, cancels out)

4
C,= VA, + By = ————.
n n n n277 Dn

Values of the first few amplitudes are
C; = 0.0531 C3=0.0088 C5=0.2037 C;=0.0011 Cg = 0.0003.

Figure 277 shows the input (multiplied by 0.1) and the output. For n = 5 the quantity D,, is very small, the
denominator of Cs is small, and Cj5 is so large that ys5 is the dominating term in (7). Hence the output is almost
a harmonic oscillation of five times the frequency of the driving force, a little distorted due to the term y,, whose
amplitude is about 25% of that of y5. You could make the situation still more extreme by decreasing the damping
constant ¢. Try it.
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Output

Fig. 277.

PROBLEM SET 11.3

1. Coefficients C,,. Derive the formula for C,, from A,,
and B,,.

2. Change of spring and damping. In Example 1, what
happens to the amplitudes C,, if we take a stiffer spring,
say, of k = 497 If we increase the damping?

3. Phase shift. Explain the role of the B,,’s. What happens
if we let ¢ =07

4. Differentiation of input. In Example 1, what happens
if we replace r (¢) with its derivative, the rectangular wave?
What is the ratio of the new C,, to the old ones?

5. Sign of coefficients. Some of the A,, in Example 1 are
positive, some negative. All B,, are positive. Is this
physically understandable?

GENERAL SOLUTION
Find a general solution of the ODE y” + wzy = r(t) with
r(t) as given. Show the details of your work.
6. r(f) = sinat + sin 1, > # o2, B2
7. r(f) = sint, 0w = 0.5,0.9, 1.1, 1.5, 10
8. Rectifier. r(r) = /4 |cos t| if —7m <t < 7 and
r@t+2m) = r@, lo| #0,2, 4,
9. What kind of solution is excluded in Prob. 8 by
lo| #0,2,4,---?
10. Rectifier. r(r) = /4 |sin¢| if 0 < r < 277 and

r@t+2m) = r@), lo| #0,2, 4,
-1 if —-7T<tr<0
11. 7(r) = lo| # 1,3,5, -
1 if o<r<m,

12. CAS Program. Write a program for solving the ODE
just considered and for jointly graphing input and output
of an initial value problem involving that ODE. Apply

I

Input

Input and steady-state output in Example 1

the program to Probs. 7 and 11 with initial values of your
choice.

13-16 | STEADY-STATE DAMPED OSCILLATIONS

Find the steady-state oscillations of y” + ¢y’ + y = r(1)
with ¢ > 0 and r(7) as given. Note that the spring constant
is k = 1. Show the details. In Probs. 14-16 sketch r (7).

N
13. () = z(an cos nt + by, sin nr)
n=1
-1 if —7m<t<0
14. r(r) = and r(t + 2m) = r(1)
1 if o0<t<m

15. r() = t(m® —1?) if —w<t<m and
r(t + 2m) = r(f)
16. r(1) =
tif —m/2 <t<m/)2
{ andr(t +2m) = r(1)

T —tif w2 <t<3m/2

RLC-CIRCUIT

Find the steady-state current /() in the RLC-circuit in
Fig. 275, where R = 10 Q, L = 1H, C = 10! Fand with
E(#) V as follows and periodic with period 27r. Graph or
sketch the first four partial sums. Note that the coefficients
of the solution decrease rapidly. Hint. Remember that the
ODE contains E'(f), not E(¢), cf. Sec. 2.9.

—50¢2 if
5002 if

—-T<r<O0
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100(—12 if —w<t<0 20. CAS EXPERIMENT. Maximum Output Term.
Graph and discuss outputs of y” + ¢y’ + ky = r(7) with
r(t) as in Example 1 for various ¢ and k with emphasis on
19. E(t) = 200t(7T2 — t2) (—m <t<m) the maximum C,, and its ratio to the second largest [Cyl.

18.Et={
@ 1000 +1% if O0<i<m

11.4 Approximation
by Trigonometric Polynomials

Fourier series play a prominent role not only in differential equations but also in
approximation theory, an area that is concerned with approximating functions by
other functions—usually simpler functions. Here is how Fourier series come into the
picture.

Let f(x) be a function on the interval —7 = x = 7 that can be represented on this
interval by a Fourier series. Then the Nth partial sum of the Fourier series

N
€)) fx) = ag + E(an cos nx + by, sin nx)

n=1

is an approximation of the given f(x). In (1) we choose an arbitrary N and keep it fixed.
Then we ask whether (1) is the “best” approximation of /by a trigonometric polynomial
of the same degree N, that is, by a function of the form

N
2) F(x) = Ag + 2 (A, cos nx + By, sin nx) (N fixed).

n=1

Here, “best” means that the “error” of the approximation is as small as possible.

Of course we must first define what we mean by the error of such an approximation.
We could choose the maximum of |f(x) — F(x)|. But in connection with Fourier series
it is better to choose a definition of error that measures the goodness of agreement between
fand F on the whole interval —m = x = . This is preferable since the sum f of a Fourier
series may have jumps: F in Fig. 278 is a good overall approximation of f, but the maximum
of |f(x) — F(x)| (more precisely, the supremum) is large. We choose

3) E=J (f — F)*dx.

=T

Fig. 278. Error of approximation
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This is called the square error of F relative to the function fon the interval —7m = x = 7.
Clearly, E = 0.

N being fixed, we want to determine the coefficients in (2) such that £ is minimum.
Since (f — F)? =f2 — 2fF + F2, we have

m

“4) E= J F2dx — 2J fFdx + J F2dx.

- - -

We square (2), insert it into the last integral in (4), and evaluate the occurring integrals.
This gives integrals of cos®nx and sin® nx (n = 1), which equal 77, and integrals of
cos nx, sin nx, and (cos nx)(sin mx), which are zero (just as in Sec. 11.1). Thus

T T N 2
J dex:J [Ao—i- > (Ancosnx-i-aninnx)} dx

—r —r n=1
=mTQRAF+ AT+ -+ AZ+ B + - + B).
We now insert (2) into the integral of fF in (4). This gives integrals of fcos nx as well

as f'sin nx, just as in Euler’s formulas, Sec. 11.1, for a,, and b,, (each multiplied by A,, or
B,,). Hence

™
J dex = 7T(2A0a0 + A1a1 + -+ ANaN + Blbl + -+ BNbN)

-

With these expressions, (4) becomes

T N
E = J f2dx — 277[2A0a0 + > Anay + Bnbn)]

- n=1

(5)
N
+ W[ZA% + > (A7 + Bﬁ)}.
n=1
We now take A,, = a,, and B,, = by, in (2). Then in (5) the second line cancels half of the

integral-free expression in the first line. Hence for this choice of the coefficients of F the
square error, call it E*, is

T N
(6) E* = J fPdx — 77[2413 + > (ag + bﬁ)].

- n=1

We finally subtract (6) from (5). Then the integrals drop out and we get terms
A2 — 24,4, + a% = (A, — an)® and similar terms (B,, — by):

N
E— E* = W{Z(Ao —ap)® + D [Ay, — an)® + (B — m}.

n=1
Since the sum of squares of real numbers on the right cannot be negative,
E—E*=0, thus E = E*,

and £ = E*if and only if Ag = ag, - -, By = by. This proves the following fundamental
minimum property of the partial sums of Fourier series.
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THEOREM 1

EXAMPLE 1

.
7 0 T x

Fig. 279. F with
N = 20 in Example 1

Minimum Square Error

The square error of F in (2) (with fixed N) relative to f on the interval —m = x = 7
is minimum if and only if the coefficients of F in (2) are the Fourier coefficients of f.
This minimum value E* is given by (6).

From (6) we see that E* cannot increase as N increases, but may decrease. Hence with
increasing N the partial sums of the Fourier series of f yield better and better approxi-
mations to f, considered from the viewpoint of the square error.

Since E* = 0 and (6) holds for every N, we obtain from (6) the important Bessel’s
inequality

@) 2ag + i (ay + b?) = %J f0)? dx

n=1 -

for the Fourier coefficients of any function f for which integral on the right exists. (For
F. W. Bessel see Sec. 5.5.)

It can be shown (see [C12] in App. 1) that for such a function f, Parseval’s theorem holds;
that is, formula (7) holds with the equality sign, so that it becomes Parseval’s identity®

) 2a3 + i (af + b2) = %J Fx)? dx.

n=1 -

Minimum Square Error for the Sawtooth Wave

Compute the minimum square error E* of F(x) with N = 1, 2,---, 10, 20,---, 100 and 1000 relative to
fx)y=x+m (—m<x<m)

on the interval —7m = x = .

(—yN+1

. 1 1
Solution. F(x) = m + 2 (sinx 77sin2x+gsin3x7 + 4
Sec. 11.3. From this and (6),

sin Nx) by Example 3 in

T

N
E* = J (x+7r)2dx777<2772+42 %)

- n=1"M
Numeric values are:
N 8% N E* N E* N E*
1 8.1045 6 1.9295 20 0.6129 70 0.1782
2 4.9629 7 1.6730 30 0.4120 80 0.1561
3 3.5666 8 1.4767 40 0.3103 90 0.1389
4 2.7812 9 1.3216 50 0.2488 100 0.1250
5 2.2786 10 1.1959 60 0.2077 1000 0.0126

3MARC ANTOINE PARSEVAL (1755-1836), French mathematician. A physical interpretation of the identity

follows in the next section.
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F = 84, So, S3 are shown in Fig. 269 in Sec. 11.2, and F = Saq is shown in Fig. 279. Although | f(x) — F(x)|
is large at =77 (how large?), where f'is discontinuous, F  approximates f quite well on the whole interval, except
near *77, where “waves” remain owing to the “Gibbs phenomenon,” which we shall discuss in the next section.

Can you think of functions f for which E* decreases more quickly with increasing N? |

PROBLEM SET 11.4

1. CAS Problem. Do the numeric and graphic work in
Example 1 in the text.

MINIMUM SQUARE ERROR

Find the trigonometric polynomial F (x) of the form (2) for
which the square error with respect to the given f(x) on the
interval —7m < x < 77 is minimum. Compute the minimum
value for N = 1, 2, ---, 5 (or also for larger values if you
have a CAS).
2. fx)=x (—m<x<m)
.fx)=Ix] (—m<x<m)
4. fx) =x% (—m<x<m)
-1 if —m<x<0
5. flx) =
1 if Oo<x<m
6. Why are the square errors in Prob. 5 substantially larger
than in Prob. 3?7

factors on which the decrease of E* with N depends.
For each function considered find the smallest N such
that E* < 0.1.

11-15| PARSEVALS’S IDENTITY

Using (8), prove that the series has the indicated sum.
Compute the first few partial sums to see that the convergence
is rapid.

1 1 2
1L 1+ +— + - = = 1.233700550
32 5 8
Use Example 1 in Sec. 11.1.
1 1 4
12. 1+ =+~ + - = = 1082323234
2t 3 90

Use Prob. 14 in Sec. 11.1.

4
Bor+ el T 014678032
3% 54 926

7%
Use Prob. 17 in Sec. 11.1.

7. fx0) =x3 (—m<x<m)
8. f(x) = |sin x|
9. Monotonicity. Show that the minimum square error

(—m < x < ), full-wave rectifier

. . . ™ 377.

(6) is a m(?n(?tone dejcreasmg function of N. How can 14. J cost xdr = &
you use this in practice? . 4

10. CAS EXPERIMENT. Size and Decrease of E*. - s

Compare the size of the minimum square error E* for 15. J cos® x dx = ry

functions of your choice. Find experimentally the _—

11.5 Sturm-Liouville Problems.
Orthogonal Functions

The idea of the Fourier series was to represent general periodic functions in terms of
cosines and sines. The latter formed a trigonometric system. This trigonometric system
has the desirable property of orthogonality which allows us to compute the coefficient of
the Fourier series by the Euler formulas.

The question then arises, can this approach be generalized? That is, can we replace the
trigonometric system of Sec. 11.1 by other orthogonal systems (sets of other orthogonal
functions)? The answer is “yes” and will lead to generalized Fourier series, including the
Fourier-Legendre series and the Fourier—Bessel series in Sec. 11.6.

To prepare for this generalization, we first have to introduce the concept of a Sturm—
Liouville Problem. (The motivation for this approach will become clear as you read on.)
Consider a second-order ODE of the form
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EXAMPLE 1

1) [Py + g + Ar(wly =0
on some interval a = x = b, satisfying conditions of the form

@ kiy+tksy =0 atx=a

2
2 b

() [Ly+1Ilyy =0 atx

Here A is a parameter, and k1, ko, [1, [ are given real constants. Furthermore, at least one
of each constant in each condition (2) must be different from zero. (We will see in Example
1 that, if p(x) = r(x) = 1and g(x) = 0, then sin VAx and cos V/Ax satisfy (1) and constants
can be found to satisfy (2).) Equation (1) is known as a Sturm-Liouville equation.*
Together with conditions 2(a), 2(b) it is know as the Sturm-Liouville problem. It is an
example of a boundary value problem.

A boundary value problem consists of an ODE and given boundary conditions
referring to the two boundary points (endpoints) x = a and x = b of a given interval
a=x=bh.

The goal is to solve these type of problems. To do so, we have to consider

Eigenvalues, Eigenfunctions

Clearly, y = 0 is a solution—the “trivial solution”—of the problem (1), (2) for any A
because (1) is homogeneous and (2) has zeros on the right. This is of no interest. We want
to find eigenfunctions y (x), that is, solutions of (1) satisfying (2) without being identically
zero. We call a number A for which an eigenfunction exists an eigenvalue of the Sturm—
Liouville problem (1), (2).

Many important ODEs in engineering can be written as Sturm—Liouville equations. The
following example serves as a case in point.

Trigonometric Functions as Eigenfunctions. Vibrating String

Find the eigenvalues and eigenfunctions of the Sturm-Liouville problem
3 y' +Ay=0,  y0) =0, ya)=0.

This problem arises, for instance, if an elastic string (a violin string, for example) is stretched a little and fixed
at its ends x = 0 and x = 7 and then allowed to vibrate. Then y(x) is the “space function” of the deflection
u(x, t) of the string, assumed in the form u (x, r) = y(x)w(¢), where ¢ is time. (This model will be discussed in
great detail in Secs, 12.2-12.4.)

Solution. From (1) nad (2) we see that p=1,4=0,r=11in (1), and a =0,b =7, ky =11 = 1,
ko = I3 = 0in (2). For negative A = —v2a general solution of the ODE in (3) is y (x) = c1e"” + cp¢ ™. From
the boundary conditions we obtain ¢; = ¢ = 0, so that y = 0, which is not an eigenfunction. For A = 0 the
situation is similar. For positive A = 12 a general solution is

y(x) = A cos vx + B sinvx.

4JACQUES CHARLES FRANCOIS STURM (1803-1855) was born and studied in Switzerland and then
moved to Paris, where he later became the successor of Poisson in the chair of mechanics at the Sorbonne (the
University of Paris).

JOSEPH LIOUVILLE (1809-1882), French mathematician and professor in Paris, contributed to various
fields in mathematics and is particularly known by his important work in complex analysis (Liouville’s theorem;
Sec. 14.4), special functions, differential geometry, and number theory.
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From the first boundary condition we obtain y(0) = A = 0. The second boundary condition then yields
y(m) = Bsinvm = 0, thus v=0%£1,x2,---.

For v = 0 we have y = 0. For A = V2= 1,4,9, 16, - -, taking B = 1, we obtain

y(x) = sin vx (v=\A=],2,-'-).
Hence the eigenvalues of the problem are A = v2, where v=1,2,---, and corresponding eigenfunctions are
y(x) = sin vx, wherev = 1,2---. [ |

Note that the solution to this problem is precisely the trigonometric system of the Fourier
series considered earlier. It can be shown that, under rather general conditions on the
functions p, ¢, rin (1), the Sturm-Liouville problem (1), (2) has infinitely many eigenvalues.
The corresponding rather complicated theory can be found in Ref. [All] listed in App. 1.

Furthermore, if p, ¢, r, and p' in (1) are real-valued and continuous on the interval
a = x = b and r is positive throughout that interval (or negative throughout that interval),
then all the eigenvalues of the Sturm-Liouville problem (1), (2) are real. (Proof in App. 4.)
This is what the engineer would expect since eigenvalues are often related to frequencies,
energies, or other physical quantities that must be real.

The most remarkable and important property of eigenfunctions of Sturm-Liouville
problems is their orthogonality, which will be crucial in series developments in terms of
eigenfunctions, as we shall see in the next section. This suggests that we should next
consider orthogonal functions.

Orthogonal Functions

Functions y;(x), y5 (x), - - - defined on some interval a = x = b are called orthogonal on this
interval with respect to the weight function r(x) > 0 if for all m and all n different from m,

b
@) (Yms Yn) = J 7 (%) Y (X) yir () dx = 0 (m # n).

a

(Ym» Yn) is a standard notation for this integral. The norm ||y,,|| of y,, is defined by

5) [yl = V s ym) =

b
J r(x) y72n (x) dx.

Note that this is the square root of the integral in (4) with n = m.

The functions yq, ys, - -+ are called orthonormal on a = x = b if they are orthogonal
on this interval and all have norm 1. Then we can write (4), (5) jointly by using the
Kronecker symbol® §,,,,, namely,

0 if m#n

b
(ym> yn) = J 7(X) Y (X) Yy (x) dx = Omn)— { .
L 1 if m=n.

SLEOPOLD KRONECKER (1823-1891). German mathematician at Berlin University, who made important
contributions to algebra, group theory, and number theory.
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If r(x) = 1, we more briefly call the functions orthogonal instead of orthogonal with
respect to r(x) = 1; similarly for orthognormality. Then

b b
Y'ms Yn) = f Y@y @ dx =0 (m#n), |yml = V) =1 | j Yo (x) dx.

The next example serves as an illustration of the material on orthogonal functions just
discussed.

Orthogonal Functions. Orthonormal Functions. Notation
The functions y,, (x) = sin mx, m = 1, 2,--- form an orthogonal set on the interval —7 = x = 1, because for
m # n we obtain by integration [see (11) in App. A3.1]

T

(" ("
(ym,y'n):J sinmsinnxdeEJ cos(mfn)xdxng’ cos(m + n)xdx =0, (m+# n).

- -
The norm || yp, | = V(¥m» ¥m) equals V1 because

[ymlP = oo ym) = J sin® mx dx = 7 m=12-")

-
Hence the corresponding orthonormal set, obtained by division by the norm, is
sin x sin 2x sin 3x

. : \ |
Y v %z

Theorem 1 shows that for any Sturm—Liouville problem, the eigenfunctions associated with
these problems are orthogonal. This means, in practice, if we can formulate a problem as a
Sturm-Liouville problem, then by this theorem we are guaranteed orthogonality.

Orthogonality of Eigenfunctions of Sturm-Liouville Problems

Suppose that the functions p, g, r, and p’ in the Sturm—Liouville equation (1) are
real-valued and continuous and r(x) > 0 on the interval a = x = b. Let y,,, (x) and
Vi (X) be eigenfunctions of the Sturm—Liouville problem (1), (2) that correspond to
different eigenvalues A,, and A, respectively. Then y,,, y, are orthogonal on that
interval with respect to the weight function r, that is,

b
(6) Ymo> Yn) = J (X)) (X)y (x) dx = 0 (m # n).

a

If p(a) = 0, then (2a) can be dropped from the problem. If p(b) = 0, then (2b)
can be dropped. [It is then required that y and y’ remain bounded at such a point,
and the problem is called singular, as opposed to a regular problem in which (2)
is used.]

If p(a) = p(b), then (2) can be replaced by the “periodic boundary conditions”

(7 ya) = yb), Y =y'®b).

The boundary value problem consisting of the Sturm—Liouville equation (1) and the periodic
boundary conditions (7) is called a periodic Sturm-Liouville problem.
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By assumption, y,, and y,, satisfy the Sturm-Liouville equations

(py‘:n)’ + (g + ApP)ym =0
(py":z)’ + (g + Ay, =0

respectively. We multiply the first equation by y,,, the second by —y,,,, and add,

A = M) Pm 0 = Ym(Pyn) = yu(pym) = [(pyn)ym — [(Pym)ynl’

where the last equality can be readily verified by performing the indicated differentiation
of the last expression in brackets. This expression is continuous on a = x = b since p and
p' are continuous by assumption and y,,, y,, are solutions of (1). Integrating over x from
a to b, we thus obtain

b
®) Am = A) f PYm¥n dx = [PYnym = Yimyn)ll (a < b).

The expression on the right equals the sum of the subsequent Lines 1 and 2,

© PO YD) ym(b) — Y (D) yn(b)] (Line 1)
=P (@[ yn(@ym(a@) = ym(@yn(@)] (Line 2).

Hence if (9) is zero, (8) with A,,, — A,, # 0 implies the orthogonality (6). Accordingly,
we have to show that (9) is zero, using the boundary conditions (2) as needed.

Case 1. p(a) = p(b) = 0. Clearly, (9) is zero, and (2) is not needed.

Case 2. p(a) # 0,p(b) = 0. Line 1 of (9) is zero. Consider Line 2. From (2a) we have
kiyn(@) + kayn(a) =0,
k1ym(a) + kaym(a) = 0.

Let ko # 0. We multiply the first equation by y,, (a), the last by —y,,(a) and add,

kalyn(@ym(@) — ym(@yn(a@)] = 0.

This is ko times Line 2 of (9), which thus is zero since ko # 0. If kg = 0, then k1 # 0
by assumption, and the argument of proof is similar.

Case 3. p(a) = 0,p(b) # 0. Line 2 of (9) is zero. From (2b) it follows that Line 1 of (9)
is zero; this is similar to Case 2.

Case 4. p(a) # 0,p(b) # 0. We use both (2a) and (2b) and proceed as in Cases 2 and 3.
Case 5. p(a) = p(b). Then (9) becomes

PO Y (B)yim(b) = ym(B)yn(D) — yn(@ym (@) + yp(@)yn(@)].

The expression in brackets [ - - -] is zero, either by (2) used as before, or more directly by
(7). Hence in this case, (7) can be used instead of (2), as claimed. This completes the
proof of Theorem 1. |

Application of Theorem 1. Vibrating String

The ODE in Example 1 is a Sturm—Liouville equation with p = 1, ¢ = 0, and r = 1. From Theorem 1 it follows
that the eigenfunctions y,, = sinmx (m = 1, 2,---) are orthogonal on the interval 0 = x = 7. |
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Example 3 confirms, from this new perspective, that the trigonometric system underlying
the Fourier series is orthogonal, as we knew from Sec. 11.1.

Application of Theorem 1. Orthogonlity of the Legendre Polynomials

Legendre’s equation (1 — x2)y” — 2xy’ + n(n + 1)y = 0 may be written

[(1=x3y1 +ay=0 A=n@n+1)
Hence, this is a Sturm-Liouville equation (1) withp = 1 — x2, g =0,and r = 1. Since p(—1) = p(1) = 0, we
need no boundary conditions, but have a “singular” Sturm—Liouville problem on the interval —1 = x = 1. We
know that forn = 0, 1,---, hence A = 0,1 2,2 - 3,---, the Legendre polynomials P, (x) are solutions of the
problem. Hence these are the eigenfunctions. From Theorem 1 it follows that they are orthogonal on that interval,
that is,

1
(10) J%m&mazo (m#n). M
1

What we have seen is that the trigonometric system, underlying the Fourier series, is
a solution to a Sturm-Liouville problem, as shown in Example 1, and that this
trigonometric system is orthogonal, which we knew from Sec. 11.1 and confirmed in

Example 3.

PROBLEM SET 11.5

1.

Proof of Theorem 1. Carry out the details in Cases 3
and 4.

ORTHOGONALITY

2.

6.

Normalization of eigenfunctions y,, of (1), (2) means
that we multiply y,, by a nonzero constant c,,, such that
CmYm has norm 1. Show that z,,, = cyy, withany ¢ # 0
is an eigenfunction for the eigenvalue corresponding

0 Y-

—1=x=1 (r(x) = 1) from that of 1, cos x, sin x,
cos 2x,s8in2x, - on —TM =X = T.

. Legendre polynomials. Show that the functions

P,(cos #),n =0, 1,---, from an orthogonal set on the
interval 0 = 6 = 7 with respect to the weight function
sin 6.

Tranformation to Sturm-Liouville form. Show that
y" + " + (g + Ah) y = 0 takes the form (1) if you

set p = exp([fdx),q = pg,r = hp. Why would you
do such a transformation?

STURM-LIOUVILLE PROBLEMS

Find the eigenvalues and eigenfunctions. Verify orthogo-
nality. Start by writing the ODE in the form (1), using
Prob. 6. Show details of your work.

12.
13.
14.

n

. . 7.y +Ay=0, y0)=0, y(10)=0
. Change of x. Show that if the functions yg (x), y1 (x), - -+ "
form an orthogonal set on an interval a = x = b (with 8.y + Ay =0, yO0 =0 y@)=0
r(x) = 1), then the functions yg(ct + k), y1(ct + k), 9. y” +Ay=0, y@0)=0, y’(L) =0
e >/ 0, form an ort;logonal set on the interval 10. y" + Ay =0, y©0)=y), y(©) =y()
(a—k))c=t= (b — ke ;o 3 _ _ o
. Change of x. Using Prob. 3, derive the orthogonality 1. ge{);) :+et())\ T y/xm =0,y =0, y) =0,
of 1, cos7rx, sin7rx, cos27x, sin27x, on ’

V=2 A+ Dy=0, y©0) =0, y(1)=0
Y+ 8 +(A+16)y=0, y©0) =0, y(@ =0
TEAM PROJECT. Special Functions. Orthogonal
polynomials play a great role in applications. For
this reason, Legendre polynomials and various other
orthogonal polynomials have been studied extensively;
see Refs. [GenRef1], [GenRef10] in App. 1. Consider
some of the most important ones as follows.
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(a) Chebyshev polynomials® of the first and second
kind are defined by

T,,(x) = cos (n arccos x)

sin [(n + 1) arccos x|

U, (x) =
" 1 — x?
respectively, where n = 0, 1,---. Show that
To=1, L(x) = x, T(x) = 2x% — 1.
B(x) = 4x3 — 3x,
Up = 1, Up(x) = 2x, Us(x) = 4x% — 1,

Us(x) = 8x3 — 4x.

Show that the Chebyshev polynomials 7,(x) are
orthogonal on the interval —1 = x = 1 with respect
to the weight function r(x) = 1/V1 — x2. (Hint.
To evaluate the integral, set arccosx = 0.) Verify

that 7,,(x), n =0, 1,2,3, satisfy the Chebyshev
equation

(1 —x2y" —xy' +n% =0.

(b) Orthogonality on an infinite interval: Laguerre
polynomials’ are defined by Ly = 1, and

& d"(x"e™™)

L,(x) = o = , n=12,--
Show that
L, =1-x  Ly(x)=1-2x+x%72,

Lsy(x) = 1 — 3x + 3x%/2 — x%/6.

Prove that the Laguerre polynomials are orthogonal on
the positive axis 0 = x < o with respect to the weight
function r(x) = e~ ". Hint. Since the highest power in
Ly, is x™, it suffices to show that [e¢™x"L,, dx = 0
for k < n. Do this by k integrations by parts.

11.6 Orthogonal Series.
Generalized Fourier Series

Fourier series are made up of the trigonometric system (Sec. 11.1), which is orthogonal,
and orthogonality was essential in obtaining the Euler formulas for the Fourier coefficients.
Orthogonality will also give us coefficient formulas for the desired generalized Fourier
series, including the Fourier—Legendre series and the Fourier—Bessel series. This gener-
alization is as follows.

Let yg, y1, y2, - -+ be orthogonal with respect to a weight function r(x) on an interval
a = x = b, and let f(x) be a function that can be represented by a convergent series

@ f&) = D) amym ) = agyo(x) + aryr (x) + -

m=0

This is called an orthogonal series, orthogonal expansion, or generalized Fourier series.
If the y,,, are the eigenfunctions of a Sturm-Liouville problem, we call (1) an eigenfunction
expansion. In (1) we use again m for summation since n will be used as a fixed order of
Bessel functions.

Given f(x), we have to determine the coefficients in (1), called the Fourier constants
of f(x) with respect to yg, y1," -+ . Because of the orthogonality, this is simple. Similarly
to Sec. 11.1, we multiply both sides of (1) by r(x)y,, (x) (n fixed) and then integrate on

SPAFNUTI CHEBYSHEV (1821-1894), Russian mathematician, is known for his work in approximation
theory and the theory of numbers. Another transliteration of the name is TCHEBICHEF.

"EDMOND LAGUERRE (1834-1886), French mathematician, who did research work in geometry and in
the theory of infinite series.
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both sides from a to b. We assume that term-by-term integration is permissible. (This is
justified, for instance, in the case of “uniform convergence,” as is shown in Sec. 15.5.)
Then we obtain

b b s s b »
(fiyn) = J 7 fyn dx = J V( E am}’m))’ndx = 2 amj Y Yoo dX = 2 A Yims Yn)-
m=0 m=(Q a

a a m=0

Because of the orthogonality all the integrals on the right are zero, except when m = n.
Hence the whole infinite series reduces to the single term

Ay (Yp> Yn) = an ||)7n||2 Thus (fiyn) = an ”)’n ||2

Assuming that all the functions y,, have nonzero norm, we can divide by ||y,|[*; writing again
m for n, to be in agreement with (1), we get the desired formula for the Fourier constants

(fs ym) 1 b
— e J @@ =0.1).
Ym Ym a

2 ay

This formula generalizes the Euler formulas (6) in Sec. 11.1 as well as the principle of
their derivation, namely, by orthogonality.

EXAMPLE 1 Fourier-Legendre Series

A Fourier-Legendre series is an eigenfunction expansion

@) = D P (x) = apPy + aPL(x) + agPa(x) + -+ =ag + ax + ax(3x% =P + -+

m=0

in terms of Legendre polynomials (Sec. 5.3). The latter are the eigenfunctions of the Sturm-Liouville problem
in Example 4 of Sec. 11.5 on the interval —1 = x = 1. We have r(x) = 1 for Legendre’s equation, and (2)
gives

2m + 1
2

1
(€)] Ay = J Jf(X)P,, (x) dx, m=20,1,---

=1l

because the norm is

) 1Bl = JIP WP dx = | — m=0,1,)
" " 2m + 1 o

as we state without proof. The proof of (4) is tricky; it uses Rodrigues’s formula in Problem Set 5.2 and a
reduction of the resulting integral to a quotient of gamma functions.
For instance, let f(x) = sin 7rx. Then we obtain the coefficients

1 1
3 3

J (sin mx) P, (x) dx, thus a; = 5 J xsin mx dx = i 0.95493, etc.

—1 -1

_2m+1
2

am
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Hence the Fourier-Legendre series of sin 7x is

sin 7mx = 0.95493P; (x) — 1.15824P5(x) + 0.21929P5(x) — 0.01664P; (x) + 0.00068F (x)
- 000002P11(x) T+

The coefficient of Py is about 3 - 1077, The sum of the first three nonzero terms gives a curve that practically
coincides with the sine curve. Can you see why the even-numbered coefficients are zero? Why ag is the absolutely
biggest coefficient? [ |

Fourier—Bessel Series

These series model vibrating membranes (Sec. 12.9) and other physical systems of circular symmetry. We derive
these series in three steps.

Step 1. Bessel’s equation as a Sturm-Liouville equation. The Bessel function J,, (x) with fixed integer n = 0
satisfies Bessel’s equation (Sec. 5.5)

T2 F) + % () + (72 — nDIF) = 0

where J,, = dJ,,/dx and J,, = d?J,/dx2 We set X = kx. Then x = ¥ /k and by the chain rule, J, = dJ,,/dx =
(dJy/dx)lk and J,, = Jy /kz. In the first two terms of Bessel’s equation, k2 and k drop out and we obtain

X2 kx) + xJ 7, (kx) + (k2% — n?)J,(kx) = 0.
Dividing by x and using (xJ,,(kx))" = xJ,, (kx) + J,, (kx) gives the Sturm-Liouville equation

2
®) [y (k)] + (—"7 + /\x> Jn(kx) = 0 A =k?

with p(x) = x,g(x) = 7n2/x, r(x) = x, and parameter A = k2. Since p(0) =0, Theorem 1 in Sec. 11.5
implies orthogonality on an interval 0 = x = R (R given, fixed) of those solutions J,(kx) that are zero at
x = R, that is,

(6) Jn(kR) = 0 (n fixed).

Note that ¢ (x) = —n?/x is discontinuous at 0, but this does not affect the proof of Theorem 1.

Step 2. Orthogonality. It can be shown (see Ref. [A13]) that J,(x) has infinitely many zeros, say,
X = ap1 < dapz < -+ (see Fig. 110 in Sec. 5.4 for n = 0 and 1). Hence we must have

(7) kR = ay thus kpm = apm/R (m=172,--).

This proves the following orthogonality property.

Orthogonality of Bessel Functions

For each fixed nonnegative integer n the sequence of Bessel functions of the first
kind Jy,(ky,1%), Jp(kyp,0x), -+ with ky, ., as in (7) forms an orthogonal set on the
interval O = x = R with respect to the weight function r(x) = x, that is,

R
(8) J xJy, (kg i) (k%) dx = 0 (j # m, n fixed).
0

Hence we have obtained infinitely many orthogonal sets of Bessel functions, one for each of Jo, J1,Jo, - -.
Each set is orthogonal on an interval 0 = x = R with a fixed positive R of our choice and with respect to
the weight x. The orthogonal set for Jy, is Jy,(ky, 1X), Jy(ky, 2%), Jy(kyp 3%), - -+, where n is fixed and ky, p, is
given by (7).
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Step 3. Fourier—Bessel series. The Fourier-Bessel series corresponding to J,, (n fixed) is

(9) f(x) = E am«’n(kn,mx) = al‘ln(kn,lx) + aZJn(kn,Zx) + a3-]n(kn,3x) +oe (n fixed)~
m=1

The coefficients are (with a;, ,,, = Ky 0 R)

(10) X f(x) Tk %) dx, m=12---

R
PP

RT3 a(etnm) Yo
because the square of the norm is

2 : 2 R’ 2
(1 1) H-In(kn,mx)” = XJn (kn,mx) dx = 7Jn+l(kn,mR)
0
as we state without proof (which is tricky; see the discussion beginning on p. 576 of [A13]). |

Special Fourier—Bessel Series

For instance, let us consider f(x) = 1 — x2 and take R = 1 and n = 0 in the series (9), simply writing A for
ag - Then ky, , = g, = A = 2.405, 5.520, 8.654, 11.792, etc. (use a CAS or Table Al in App. 5). Next we
calculate the coefficients a,, by (10)

2 1
m = 74[ x(1 — xz)lo()uc) dx.
JEN) J

This can be integrated by a CAS or by formulas as follows. First use [xJ1(Ax)]" = AxJo(Ax) from Theorem 1 in
Sec. 5.4 and then integration by parts,

l1721)m1 L
{)\( x)xl()o X

1
m == J x(1 — x2)Jo(Ax) dx = S
JE (M) Yo Ji (D)

1
I xJ1(Ax)(—2x) dx |.
0

The integral-free part is zero. The remaining integral can be evaluated by [x2/5(Ax)]" = Ax2J;(Ax) from Theorem 1
in Sec. 5.4. This gives

4J5(N)
am = 2.9 ()‘ = aO,m)~
AT

Numeric values can be obtained from a CAS (or from the table on p. 409 of Ref. [GenRef1] in App. 1, together
with the formula Jo = 2x ~1J; — Jg in Theorem 1 of Sec. 5.4). This gives the eigenfunction expansion of 1 — x2
in terms of Bessel functions Jy, that is,

1 — x2 = 1.1081J0(2.405x) — 0.1398J0(5.520x) + 0.0455J0(8.654x) — 0.0210Jo(11.792x) + - - -

A graph would show that the curve of 1 — x2 and that of the sum of first three terms practically coincide.

Mean Square Convergence. Completeness

Ideas on approximation in the last section generalize from Fourier series to orthogonal series
(1) that are made up of an orthonormal set that is “complete,” that is, consists of “sufficiently
many” functions so that (1) can represent large classes of other functions (definition below).
In this connection, convergence is convergence in the norm, also called mean-square
convergence; that is, a sequence of functions fj, is called convergent with the limit f if

(12%) tim £~ ] = 0
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written out by (5) in Sec. 11.5 (where we can drop the square root, as this does not affect
the limit)

b
12) %IEJ r@)Lfi(x) = f(@)1? dx = 0.

a

Accordingly, the series (1) converges and represents f if

b
(13) Jim f r0)se () — f0)Pdx = 0

where sy is the kth partial sum of (1).

k
(14) 5600 = D) iy ym(X).
m=0
Note that the integral in (13) generalizes (3) in Sec. 11.4.
We now define completeness. An orthonormal set yq, y1, -+ onanintervala = x = b
is complete in a set of functions S defined on a = x = b if we can approximate every
f belonging to S arbitrarily closely in the norm by a linear combination agyg +

apy1 + -+ + agyr, that is, technically, if for every e > 0 we can find constants ag, - -+, gy,
(with k large enough) such that
(15) Lf = (@aoyo + -+ + aylll < e

Ref. [GenRef7] in App. 1 uses the more modern term total for complete.

We can now extend the ideas in Sec. 11.4 that guided us from (3) in Sec. 11.4 to Bessel’s
and Parseval’s formulas (7) and (8) in that section. Performing the square in (13) and
using (14), we first have (analog of (4) in Sec. 11.4)

b

b b b
J r(x)[s5 (x) —f(x)]zdx = j rs;? dx — ZJ rfsy dx + J rfzdx

a a a a

b k 2 k b b
= J r{ E amym} dx — 2 E amJ 7fym dx + J rfzdx.
m=0 m=0 a

a a

The first integral on the right equals Sa2, because Jrymyidx = 0 for m # [, and
[ryz, dx = 1.1n the second sum on the right, the integral equals @,,, by (2) with ||y, [* = 1.
Hence the first term on the right cancels half of the second term, so that the right side
reduces to (analog of (6) in Sec. 11.4)

k b
- E az,+ J rf 2 dx.
m=0 a
This is nonnegative because in the previous formula the integrand on the left is nonnegative
(recall that the weight r(x) is positive!) and so is the integral on the left. This proves the
important Bessel’s inequality (analog of (7) in Sec. 11.4)

k b
(16) >oan=|f1?= J () f(x) dx (k=1,2,""),
m=0

a
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PROOF

Here we can let k — o0, because the left sides form a monotone increasing sequence that
is bounded by the right side, so that we have convergence by the familiar Theorem 1 in
App. A.3.3 Hence

(17) > am=|rI>
m=0
Furthermore, if yg, y1,- -+ is complete in a set of functions S, then (13) holds for every f

belonging to S. By (13) this implies equality in (16) with kK — . Hence in the case of
completeness every fin S saisfies the so-called Parseval equality (analog of (8) in Sec. 11.4)

o

b
(18) > an=|fI?= J (0 f(0)? dx.
m=0

a

As a consequence of (18) we prove that in the case of completeness there is no function
orthogonal to every function of the orthonormal set, with the trivial exception of a function
of zero norm:

Completeness

Let yo, y1,* -+ be a complete orthonormal set on a = x = b in a set of functions S.
Then if a function f belongs to S and is orthogonal to every y,,, it must have norm
zero. In particular, if f is continuous, then f must be identically zero.

Since f is orthogonal to every y,,, the left side of (18) must be zero. If f is continuous,
then || f|| = 0 implies f (x) = 0, as can be seen directly from (5) in Sec. 11.5 with finstead
of y,, because r(x) > 0 by assumption. |

PROBLEM SET 11.6

1-7| FOURIER-LEGENDRE SERIES CAS EXPERIMENT
Showing the details, develop FOURIER-LEGENDRE SERIES. Find and graph (on
1. 63x° — 90x3 + 35x common axes) the partial sums up to S, whose graph
2. (x+ 1?2 practically coincides with that of f(x) within graphical
’ 4 accuracy. State mg. On what does the size of m( seem to
31-x depend?
4. 1, x, xz, x3, x4 .
. . . . . 8. f(x) = sin mx
5. Prove that if f(x) is even (is odd, respectively), its ]
Fourier-Legendre series contains only P, (x) with even 9. f(x) = sin 27x
m (only P, (x) with odd m, respectively). Give examples. 10. f(x) = e
6. What can you say about Fhe coefficients‘ of th.e Fourier— 1L f(0) = (1 + 137!
Legendre series of f(x) if the Maclaurin series of f(x) ] »
contains only powers xam (m=0,1,2,---)? 12. f(x) = Jo(ap,1x), o1 = the first positive zero
of Jo(x)

7. What happens to the Fourier-Legendre series of a

polynomial f(x) if you change a coefficient of f(x)? 13. f(x) = Jolap2 X), g2 = the second positive zero
Experiment. Try to prove your answer. of Jo(x)



510

14.

CHAP. 11 Fourier Analysis

TEAM PROJECT. Orthogonality on the Entire Real
Axis. Hermite Polynomials.® These orthogonal polyno-
mials are defined by Heg(1) = 1 and
2 dﬂ 2
(19) Hep(x) = (—1)%" 2=, n=12, .
dx’ﬂ
REMARK. As is true for many special functions, the

literature contains more than one notation, and one some-
times defines as Hermite polynomials the functions

2
zd"e v

P
X

Hi) = (—1)"e”

This differs from our definition, which is preferred in
applications.

(a) Small Values of n. Show that

Hes (x) = x2 -1,
Hey(x) = % —6x2 + 3.

Heq(x) = x,
Hez(x) = %3 - 3x,

(b) Generating Function. A generating function of the
Hermite polynomials is

(20) TR = S g, (01"
n=0

because He, (x) = n! a,(x). Prove this. Hint: Use the
formula for the coefficients of a Maclaurin series and
note that tx — %[2 = %xz - %(x -2

(c) Derivative. Differentiating the generating func-
tion with respect to x, show that

21 He,, (x) = nHe,,_1(x).

(d) Orthogonality on the x-Axis needs a weight function
that goes to zero sufficiently fast as x — *o, (Why?)

11.7 Fourier Integral

15.

Show that the Hermite polynomials are orthogonal on
—o < x < % with respect to the weight function
r(x) = ¢™*/2. Hint. Use integration by parts and (21).
(e) ODEs. Show that

(22) Hey(x) = xHey(x) — Hey 41(x).

Using this with n — 1 instead of n and (21), show that
y = He,(x) satisfies the ODE

(23) y' ' =xy' +ny=0.

Show that w = e_xz/‘ly is a solution of Weber’s

equation

QHw' +n+E-bPHw=0  (n=01,--).

CAS EXPERIMENT. Fourier-Bessel Series. Use
Example 2 and R = 1, so that you get the series

(25) f(x) = arJo(@p,1x) + ago(ap2x)

+ a3./0(a0’3x) + .-

With the zeros ag a2, -+ from your CAS (see also
Table Al in App. 5).

(a) Graph the terms Jo(ag 1X)," ", Jo(ag,10%) for
0 = x = | on common axes.

(b) Write a program for calculating partial sums of (25).
Find out for what f(x) your CAS can evaluate the
integrals. Take two such f(x) and comment empirically
on the speed of convergence by observing the decrease
of the coefficients.

(c) Take f(x) = 1 in (25) and evaluate the integrals
for the coefficients analytically by (21a), Sec. 5.4, with
v = 1. Graph the first few partial sums on common
axes.

Fourier series are powerful tools for problems involving functions that are periodic or are of
interest on a finite interval only. Sections 11.2 and 11.3 first illustrated this, and various further
applications follow in Chap. 12. Since, of course, many problems involve functions that are
nonperiodic and are of interest on the whole x-axis, we ask what can be done to extend the
method of Fourier series to such functions. This idea will lead to “Fourier integrals.”

In Example 1 we start from a special function f7, of period 2L and see what happens to
its Fourier series if we let L — o. Then we do the same for an arbitrary function f7, of
period 2L. This will motivate and suggest the main result of this section, which is an
integral representation given in Theorem 1 below.

SCHARLES HERMITE (1822-1901), French mathematician, is known for his work in algebra and number
theory. The great HENRI POINCARE (1854-1912) was one of his students.
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EXAMPLE 1

Rectangular Wave
Consider the periodic rectangular wave f7,(x) of period 2L > 2 given by
0 if —-L<x<-1
o =491 if —-1<x< 1
0 if 1<x<L

The left part of Fig. 280 shows this function for 2L = 4, 8, 16 as well as the nonperiodic function f(x), which
we obtain from f7, if we let L — o,

1 if-1<x<l
(x) = lim f.,(x) = {
f Iﬁme( 0 otherwise.
We now explore what happens to the Fourier coefficients of f7, as L increases. Since f7, is even, b, = 0 for
all n. For a,, the Euler formulas (6), Sec. 11.2, give

1t 1 1Y 2 (Y nmx 2 sin (n7/L)
ag = — dx = —, ap,=—| cos—dx=—| cos—dx=———""—""1
2L )1 L -1 L), L L nm/L

This sequence of Fourier coefficients is called the amplitude spectrum of f;, because |a,| is the maximum
amplitude of the wave a,, cos (n7x/L). Figure 280 shows this spectrum for the periods 2L = 4, 8, 16. We see
that for increasing L these amplitudes become more and more dense on the positive w,-axis, where w,, = nr/L.
Indeed, for 2L = 4, 8, 16 we have 1, 3, 7 amplitudes per “half-wave” of the function (2 sin wy,)/(Lw,,) (dashed
in the figure). Hence for 2L = 2% we have 2871 — | amplitudes per half-wave, so that these amplitudes will
eventually be everywhere dense on the positive w,,-axis (and will decrease to zero).

The outcome of this example gives an intuitive impression of what about to expect if we turn from our special
function to an arbitrary one, as we shall do next. |

Waveform fL(x) 1 Amplitude spectrum an(wn)

w =nn/L
n

<~—92L=16—>

1 (x;J—‘

-101 x

Fig. 280. Waveforms and amplitude spectra in Example 1
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From Fourier Series to Fourier Integral

We now consider any periodic function f7,(x) of period 2L that can be represented by a
Fourier series

L) = ag + D (ay, cos wpx + by, sin wy), Wy, = %
n=1
and find out what happens if we let L — . Together with Example 1 the present
calculation will suggest that we should expect an integral (instead of a series) involving
cos wx and sin wx with w no longer restricted to integer multiples w = w,, = n7/L
of 7r/L but taking all values. We shall also see what form such an integral might
have.
If we insert a,, and b,, from the Euler formulas (6), Sec. 11.2, and denote the variable
of integration by v, the Fourier series of f7,(x) becomes

L
frLx) = ZILJ o) dv + — 2 [cos anJ f1,(v) cos w,v dv

+ sin wnxj fr. () sin wyv dv |.

We now set

(n+ Dm py

T
AW = W = =TT ST S

Then 1/L = Aw/7r, and we may write the Fourier series in the form

=] L

(1 fu) = ! J fo@) dv + p 2 [(cos Wy X) ij JL() cos wyv dv

n=1 -L

L
+ (sin wnx)AwJ f1.(V) sin w,,v dv}.
-L

This representation is valid for any fixed L, arbitrarily large, but finite.
We now let L — % and assume that the resulting nonperiodic function

£ = Jim 7,00

is absolutely integrable on the x-axis; that is, the following (finite!) limits exist:

0 b ©
) lim J | f(x)] dx + l}imJ | f(0)| dx (writtenj LF ()l dx).
e, % —»

Then 1/L— 0, and the value of the first term on the right side of (1) approaches zero.
Also Aw = /L —0 and it seems plausible that the infinite series in (1) becomes an
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integral from O to <, which represents f(x), namely,

©

3) fx) = %J [cos wxj f() cos wu dv + sin wa f() sin wu dv}dw.

0 —
If we introduce the notations

©

@) Aw) = %J f(v) cos wu dv, Bw) = %J’ f() sin wu dv

—® —®

we can write this in the form

(5) fx) = J [A (w) cos wx + B(w) sin wx] dw.
0

This is called a representation of f(x) by a Fourier integral.

It is clear that our naive approach merely suggests the representation (5), but by no
means establishes it; in fact, the limit of the series in (1) as Aw approaches zero is not
the definition of the integral (3). Sufficient conditions for the validity of (5) are as follows.

Fourier Integral

If f(x) is piecewise continuous (see Sec. 6.1) in every finite interval and has a right-
hand derivative and a left-hand derivative at every point (see Sec 11.1) and if the
integral (2) exists, then f(x) can be represented by a Fourier integral (5) with A and
B given by (4). At a point where f(x) is discontinuous the value of the Fourier integral
equals the average of the left- and right-hand limits of f(x) at that point (see Sec. 11.1).
(Proof in Ref. [C12]; see App. 1.)

Applications of Fourier Integrals

The main application of Fourier integrals is in solving ODEs and PDEs, as we shall see
for PDEs in Sec. 12.6. However, we can also use Fourier integrals in integration and in
discussing functions defined by integrals, as the next example.

Single Pulse, Sine Integral. Dirichlet’s Discontinuous Factor. Gibbs Phenomenon

Find the Fourier integral representation of the function

{1 it |xl <1
= Fig. 281
) 0 if 1 (Fig )
flx)
rl
-1 0 1 x

Fig. 281. Example 2
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Solution. From (4) we obtain

1 ([~ 1 (! sin wu ! 2 sinw
Aw)=— | f(v)coswvdv =— cos wu dv = =
™ T -1 ™ 1 mw
1!
B(W)=*J sinwv dv = 0
R
and (5) gives the answer
6 _3  cos wx sin w
© e

The average of the left- and right-hand limits of f(x) at x = 1 is equal to (1 + 0)/2, that is, %
Furthermore, from (6) and Theorem 1 we obtain (multiply by 7/2)

w2 i 0=x<1,

COs wx sin
% J OWETAY dw =Sm/4 it x=1,
0 w

0 if x> 1.

We mention that this integral is called Dirichlet’s discontinous factor. (For P. L. Dirichlet see Sec. 10.8.)
The case x = 0 is of particular interest. If x = 0, then (7) gives

“ sin w T
(8%) J dw = —.
b W 2

We see that this integral is the limit of the so-called sine integral

u .
sin w

® Si(u) = J dw

0

as u — . The graphs of Si(«) and of the integrand are shown in Fig. 282.

In the case of a Fourier series the graphs of the partial sums are approximation curves of the curve of the
periodic function represented by the series. Similarly, in the case of the Fourier integral (5), approximations are
obtained by replacing % by numbers a. Hence the integral

© = -

a .
2 COs wx sin w
———dw
T
0

approximates the right side in (6) and therefore f(x).

’ Si(w)
T
I 2 | | i
ntegrand I I |
SO
051 1 ! !
TN Vi \\4‘\ Lo ) 1
-4n -3n 2x--<1lx O lr--2r 3n  4m u
-0.
1
_r
2

Fig. 282. Sine integral Si(u) and integrand
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y
m - mam a=32

51 o 1V 2x 2o 1772 2 ool 1 ok

Fig. 283. The integral (9) for a = 8,16, and 32, illustrating
the development of the Gibbs phenomenon

Figure 283 shows oscillations near the points of discontinuity of f(x). We might expect that these oscillations
disappear as a approaches infinity. But this is not true; with increasing a, they are shifted closer to the points
x = =*1. This unexpected behavior, which also occurs in connection with Fourier series (see Sec. 11.2), is known
as the Gibbs phenomenon. We can explain it by representing (9) in terms of sine integrals as follows. Using
(11) in App. A3.1, we have

2 [ cos wxsinw 1 (*sin(w + wx) 1 (%sin(w — wx)
| V——dw=—| ————aw+ - | ————dw.
7 ) w T w T w

0 0

In the first integral on the right we set w + wx = . Then dw/w = dt/t, and 0 = w = a corresponds to

0 =1 = (x + l)a. In the last integral we set w — wx = —t. Then dw/w = dt/t, and 0 = w = a corresponds to
0=1t= (x — 1)a. Since sin (—f) = —sin ¢, we thus obtain
2 (% coswxsinw 1 (%% sin¢ 1 (“Psins
— | ————dw=— —dt — — —dt.
T w T t T t
(] 0 (]

From this and (8) we see that our integral (9) equals
1. 1.
;Sl(a[x + 1) — ;Sl(a[x — 1]

and the oscillations in Fig. 283 result from those in Fig. 282. The increase of a amounts to a transformation
of the scale on the axis and causes the shift of the oscillations (the waves) toward the points of discontinuity
—1 and I. |

Fourier Cosine Integral and Fourier Sine Integral

Just as Fourier series simplify if a function is even or odd (see Sec. 11.2), so do Fourier
integrals, and you can save work. Indeed, if f has a Fourier integral representation and is
even, then B(w) = 0 in (4). This holds because the integrand of B(w) is odd. Then (5)
reduces to a Fourier cosine integral

©

10 fix) = J A (w) cos wx dw where A(w) = %J f(v) cos wou dv.
0 0

Note the change in A (w): for even f the integrand is even, hence the integral from — to
o equals twice the integral from O to o, just as in (7a) of Sec. 11.2.

Similarly, if f has a Fourier integral representation and is odd, then A (w) = 0 in (4). This
is true because the integrand of A (w) is odd. Then (5) becomes a Fourier sine integral

an  fx = J B (w) sin wx dw where B(w) = %J f() sin wo dv.
0 0
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EXAMPLE 3

Fig. 284. f(x)
in Example 3

CHAP. 11 Fourier Analysis

Note the change of B(w) to an integral from 0 to % because B (w) is even (odd times odd

is even).

Earlier in this section we pointed out that the main application of the Fourier integral
representation is in differential equations. However, these representations also help in

evaluating integrals, as the following example shows for integrals from O to o°.

Laplace Integrals

We shall derive the Fourier cosine and Fourier sine integrals of f(x) = 7" where x > 0 and k > 0 (Fig. 284).

The result will be used to evaluate the so-called Laplace integrals.

. 2 ("
Solution. (a) From (10) we have A (w) = EJ e cos wo dv. Now, by integration by parts,
(]

_ k _ w
Je kv cos wu dv = ¢ kol — —sin wo + cos wu |.
k% +w k

If v = 0, the expression on the right equals —k/ k2% + wd). If v approaches infinity, that expression approaches

zero because of the exponential factor. Thus 2/7r times the integral from 0 to % gives

2k/r

(12) Aw) = ——.
" k2 + w?

By substituting this into the first integral in (10) we thus obtain the Fourier cosine integral representation

F@) = e Zkacoswxd x>0
X)=e =—| 50— —dw X R
T J K2+ w?
From this representation we see that
“ cos T
13) J e (x>0,
o k2 + w? 2k

3 (*
(b) Similarly, from (11) we have B(w) = ;J ™" sin wo dv. By integration by parts,
0

ko - w o k.
Je kv sin wo dv = -5 ¢ ’“’(*smwv-kcoswv).
k® +w w

This equals 7w/(k2 + w2 ifv =0, and approaches 0 as v — . Thus
2w/

(14) Bw)y=——""_.

K2+ w2

From (14) we thus obtain the Fourier sine integral representation

oy = o = 2 [ s
™ 0 k2 + w?
From this we see that
“w sin wx T
as) ——dw=—ce x>0,
0 k2 + W2 2

The integrals (13) and (15) are called the Laplace integrals.

k> 0).

k> 0).

k> 0).
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1-6/ EVALUATION OF INTEGRALS

Show that the integral represents the indicated function.
Hint. Use (5), (10), or (11); the integral tells you which one,
and its value tells you what function to consider. Show your
work in detail.

0 if x<0

dx =4 w2 if

o
cos xw + wsin xw
1. j— x=0

o 1+ w?
me T if x>0
O=x=m

. . T .
“ sin 7w sin xw g sinx if
g, | REWERAW L —

2

o

1-—w 0 if x> T

“1—cosmw | moif 0<x<m
3. Tsmxwdw=
0 0 if x>
= cos L w 1 ; 1
2 smeosx if 0 < |x| <gm
ﬁcosxwdw:
o 1 —-w 0 if |x\2277
lox if 0<x<1
sinw — wcosw .
5. j7231nxwdw= mo if x=1
w
0 if x>1
-]
w3 smxw - .
6. J w=1me ™ cosx if x>0
0 w44

FOURIER COSINE INTEGRAL
REPRESENTATIONS

Represent f(x) as an integral (10).

1 if 0<x<1
7. f(x) =

0 if x> 1

X2 if 0<x<1
8. f(w) =

0 if x> 1

9. f(x) = 1/(1 + x) [x>0. Hint. See (13).]

a®—x2if 0<x<ua
10. f(x) =
0

if x>a
sin x
11. f(x) =
0

e x
12. f(x) = {
0

if 0<x<m

if x>
if 0<x<a
if x>a

13. CAS EXPERIMENT. Approximate Fourier Cosine
Integrals. Graph the integrals in Prob. 7, 9, and 11 as
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PROBLEM SET 11.7

functions of x. Graph approximations obtained by

replacing % with finite upper limits of your choice.

Compare the quality of the approximations. Write a

short report on your empirical results and observations.
14. PROJECT. Properties of Fourier Integrals

(a) Fourier cosine integral. Show that (10) implies

@)  flax) = % J A<%> cos xw dw
0
(Scale change)

(a>0)
(a2) xf(x) = J B (w) sin xw dw,
0

g 4

A as in (10
I (10)

(a3) x2f(x) = J A*(w) cos xw dw,

0
d?A
aw?
(b) Solve Prob. 8 by applying (a3) to the result of Prob. 7.
(¢) Verify (a2) for fx) =1 if 0<x<a and
fx) =0 if x>a.
(d) Fourier sine integral. Find formulas for the Fourier
sine integral similar to those in (a).

15. CAS EXPERIMENT. Sine Integral. Plot Si(x) for
positive u. Does the sequence of the maximum and
minimum values give the impression that it converges
and has the limit 77/2? Investigate the Gibbs phenomenon
graphically.

16-20| FOURIER SINE INTEGRAL

REPRESENTATIONS
Represent f(x) as an integral (11).

A*¥ = —

x if 0<x<a
16. f(x) =
if x>a
if 0<x<l1
17. f(x) =
if x> 1
cosx if O0<x<m
18. f(x) =
x> 1T
if 0<x<1
19. f(x) =
0 x> 1
Taf 0<x<1
20. f(x) =
0 x>1
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11.8 Fourier Cosine and Sine Transforms

An integral transform is a transformation in the form of an integral that produces from
given functions new functions depending on a different variable. One is mainly interested
in these transforms because they can be used as tools in solving ODEs, PDEs, and integral
equations and can often be of help in handling and applying special functions. The Laplace
transform of Chap. 6 serves as an example and is by far the most important integral

transform in engineering.

Next in order of importance are Fourier transforms. They can be obtained from the
Fourier integral in Sec. 11.7 in a straightforward way. In this section we derive two such

transforms that are real, and in Sec. 11.9 a complex one.

Fourier Cosine Transform

The Fourier cosine transform concerns even functions f(x). We obtain it from the Fourier

cosine integral [(10) in Sec. 10.7]

®

fx) = J A(w) cos wx dw, where Alw) = %J f(v) cos wu dv.

0 0

Namely, we set A(w) = V2/7 fc(w), where ¢ suggests “cosine.” Then, writing v = x in

the formula for A(w), we have

(1a) fulw) = \/Z J F(x) cos wx dx
0

and

©

(1b) fx) = \/ZJ £ (w) cos wx dw.
0

Formula (1a) gives from f(x) a new function jfc(w), called the Fourier cosine transform
of f(x). Formula (1b) gives us lA)ack f(x) from f,(w), and we therefore call f(x) the inverse

Fourier cosine transform of f.(w).

The process of obtaining the transform fc from a given f is also called the Fourier

cosine transform or the Fourier cosine transform method.

Fourier Sine Transform

Similarly, in (11), Sec. 11.7, we set B(w) = V2/m fs(w), where s suggests “sine.” Then,
writing v = x, we have from (11), Sec. 11.7, the Fourier sine transform, of f(x) given by

(2a) fow) = ﬁj £(x) sin wx dx,
0
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EXAMPLE 1

Fig. 285. f(x) in
Example 1

EXAMPLE 2

and the inverse Fourier sine transform of fs (w), given by

(2b) fx) = \/Z J £ (w) sin wx dw.

0

The process of obtaining f; (w) from f(x) is also called the Fourier sine transform or
the Fourier sine transform method.
Other notations are

Fe(f)=fo  Fs(P)=Fs

and F; 1 and ;! for the inverses of %, and %, respectively.

Fourier Cosine and Fourier Sine Transforms

Find the Fourier cosine and Fourier sine transforms of the function

£ {k if 0<x<a (Fig. 285)
= 1g. .
* 0 if x>a £

Solution. From the definitions (1a) and (2a) we obtain by integration

A B 3/( ¢ dx = 31( sin aw
few) = o A coswxdx = [— "
N B zk ¢ dx = zk 1 — cosaw
fs(w) = 7t sinwxdx = | k{———— .

This agrees with formulas 1 in the first two tables in Sec. 11.10 (where k = 1).
Note that for f(x) = k = const (0 < x < ), these transforms do not exist. (Why?) |

Fourier Cosine Transform of the Exponential Function
Find F (e ™).

Solution. By integration by parts and recursion,

2 (" 2 e " “ V2/m
Fele ™) = |— J' e Fcoswxdx =,/ — 5 (—coswx + wsinwx)| = _——.
T J Tl +w 0 1+w
This agrees with formula 3 in Table I, Sec. 11.10, with @ = 1. See also the next example. |

What did we do to introduce the two integral transforms under consideration? Actually
not much: We changed the notations A and B to get a “symmetric” distribution of the
constant 2/77 in the original formulas (1) and (2). This redistribution is a standard con-
venience, but it is not essential. One could do without it.

What have we gained? We show next that these transforms have operational properties
that permit them to convert differentiations into algebraic operations (just as the Laplace
transform does). This is the key to their application in solving differential equations.



520

THEOREM 1

PROOF
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Linearity, Transforms of Derivatives

If f(x) is absolutely integrable (see Sec. 11.7) on the positive x-axis and piecewise
continuous (see Sec. 6.1) on every finite interval, then the Fourier cosine and sine
transforms of f exist.

Furthermore, if f and g have Fourier cosine and sine transforms, so does af + bg for
any constants a and b, and by (la)

Felaf + bg) = \/ZJ [af (x) + bg(x)] cos wx dx
0

[2 (7 [2 (7
=ua 77_Lf(x)coswxdx-i-b WL g(x) cos wx dx.

The right side is aZ.(f) + bF(g). Similarly for Fg, by (2). This shows that the Fourier
cosine and sine transforms are linear operations,

(a) gc(af—i_ bg) = a@c(f) + b%c(g),
(b)  Fslaf + bg) = aF(f) + bFs(g).

3

Cosine and Sine Transforms of Derivatives

Let f(x) be continuous and absolutely integrable on the x-axis, let f' (x) be piecewise
continuous on every finite interval, and let f(x) —0 as x —> %. Then

(a) EEUQH=W%U®}—JZﬂm
(b) F{f )} = —wFJf@)}

“)

This follows from the definitions and by using integration by parts, namely,

Felf ()} =, /%J f'(x) cos wx dx
0
[2
|7 {f(x) COS WX

2
Z_J;ﬂm+wavmn

\/ZL £ (x) sin wx dx
= \/3 {f(x) sinwx| — wJ f(x) cos wx dx}
aa 0 o

=0 = wF{fn}. u

©

+ WJ f(x) sin wx dx]
0

0

and similarly,

Fs{f 0}




SEC. 11.8 Fourier Cosine and Sine Transforms 521

EXAMPLE 3

Formula (4a) with f' instead of f gives (when f', f" satisfy the respective assumptions
for f, f in Theorem 1)

” ’ 2
FAS O} = wFA{f (0} — \/;f (0);

hence by (4b)

” 2 !
(5a) Felf' W) = —w?F(f®) — \/;f (0).
Similarly,

" 2
(5h) Fl "0} = —wPF ()} + \/;wﬂm.

A basic application of (5) to PDEs will be given in Sec. 12.7. For the time being we
show how (5) can be used for deriving transforms.

An Application of the Operational Formula (5)

Find the Fourier cosine transform F (e~ %) of f(x) = e~ ", where a > 0.

Solution. By differentiation, (e~*%)" = a%¢™; thus

a*f(x) = f" ).
From this, (5a), and the linearity (3a),

PF(f) = Ff)

2q; 2 ’
= —w2F () =[SO
9 2
= —wF(f) + a, l;.

Hence
@® + wiHF(f) = a\V2/m.
The answer is (see Table I, Sec. 11.10)

_ 2 <
970(‘3 ax) = -

a

a®+w

2) (a > 0). |

w

Tables of Fourier cosine and sine transforms are included in Sec. 11.10.
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PROBLEM SET 11.8

FOURIER COSINE TRANSFORM

1.

Find the cosine transform fc(w) of f(x)=1 if
0<x<l1, f(x)=-1if 1 <x<2, f(x)=0 if
x> 2.

. Find f'in Prob. 1 from the answer fc

. Find fi(w) for f(x) =x if 0<x<2, f(x)=0 if
x> 2.

. Derive formula 3 in Table I of Sec. 11.10 by integration.

. Find £(w) for f(x) = x2if0 < x <1, f(x) =0ifx >1.
. Continuity assumptions. Find g.(w) for g(x) = 2 if

Q <x<1, g =0ifx>1.Try to obtain from it
Je(w) for f(x) in Prob. 5 by using (5a).

. Existence? Does the Fourier cosine transform of

x Lsinx (0 < x < ) exist? Of x"Lcosx? Give
reasons.

. Existence? Does the Fourier cosine transform of

f(x) = k = const (0 < x < ) exist? The Fourier sine
transform?

11.9 Fourier Transform.
Discrete and Fast Fourier Transforms

FOURIER SINE TRANSFORM

9.
10.
11.

12.

13.

14.

15.

Find Fy(e™ ),
Obtain the answer to Prob. 9 from (5b).

Find fy(w) for f(x) = Zifo<x<l, fx) =0 if
x> 1.

a > 0, by integration.

Find @s(xe_xz/ 2) from (4b) and a suitable formula in
Table I of Sec. 11.10.

Find F4(e™") from (4a) and formula 3 of Table I in
Sec. 11.10.

Gamma function. Using formulas 2 and 4 in Table II
of Sec. 11.10, prove 1"(%) = V7 [(30) in App. A3.1],
a value needed for Bessel functions and other
applications.

WRITING PROJECT. Finding Fourier Cosine and
Sine Transforms. Write a short report on ways of
obtaining these transforms, with illustrations by
examples of your own.

In Sec. 11.8 we derived two real transforms. Now we want to derive a complex transform
that is called the Fourier transform. It will be obtained from the complex Fourier integral,

which will be discussed next.

Complex Form of the Fourier Integral
The (real) Fourier integral is [see (4), (5), Sec. 11.7]

fx) = J [A(w) cos wx + B(w) sin wx] dw

0

where

Alw) = ;_J f(v) cos wudv,

—

B(w) = ;_J f(v) sin wu dv.

—

Substituting A and B into the integral for f, we have

fx) = %J’ J f(v)[cos wu cos wx + sin wo sin wx] dv dw.

0 —o0
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By the addition formula for the cosine [(6) in App. A3.1] the expression in the brackets
[---]equals cos (wv — wx) or, since the cosine is even, cos (wx — wv). We thus obtain

(%) f) = %J [j f(v) cos (wx — wv)dv} dw.
0

—®

The integral in brackets is an even function of w, call it F'(w), because cos (wx — wv) is
an even function of w, the function f does not depend on w, and we integrate with respect
to v (not w). Hence the integral of F(w) from w = 0 to ® is % times the integral of F(w)
from —o to . Thus (note the change of the integration limit!)

1 «© o«
(1) fx) = EJ |:J f() cos (wx — wv) dv} dw.
We claim that the integral of the form (1) with sin instead of cos is zero:
1 © o .
2) 7[ |:J f() sin (wx — wo) dv} dw = 0.
2T I

This is true since sin (wx — wo) is an odd function of w, which makes the integral in
brackets an odd function of w, call it G (w). Hence the integral of G (w) from —% to %«
is zero, as claimed.

We now take the integrand of (1) plus i (= V—1) times the integrand of (2) and use
the Euler formula [(11) in Sec. 2.2]

3) ¢ = cos x + isinx.
Taking wx — wv instead of x in (3) and multiplying by f(v) gives
f(v) cos (wx — wo) + if(v) sin (wx — wo) = f(v)e" WY,
Hence the result of adding (1) plus i times (2), called the complex Fourier integral, is
@) fx) = i J J F(©)e™ ™ dv dw (i=V-1).

To obtain the desired Fourier transform will take only a very short step from here.

Fourier Transform and Its Inverse
Writing the exponential function in (4) as a product of exponential functions, we have

5) fx) = 1277 L[ 1277 L Ffw)e~ v dv} % .

The expression in brackets is a function of w, is denoted by f (w), and is called the Fourier
transform of f; writing v = x, we have

(6) fw) = \15[ F(x)e ™% dx.
w7 _y
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EXAMPLE 2

CHAP. 11 Fourier Analysis

With this, (5) becomes

(7 fx) = Fw)e™® dw

1 J N
\V2m/_,
and is called the inverse Fourier transform of £(w).

Another notation for the Fourier transform is

A

f

F(,
so that
=%,

The process of obtaining the Fourier transform %(f) = f from a given fis also called
the Fourier transform or the Fourier transform method.

Using concepts defined in Secs. 6.1 and 11.7 we now state (without proof) conditions
that are sufficient for the existence of the Fourier transform.

Existence of the Fourier Transform

If f(x) is absolutely integrable on the x-axis and piecewise continuous on every finite
interval, then the Fourier transform f(w) of f(x) given by (6) exists.

Fourier Transform
Find the Fourier transform of f(x) = 1 if |x| < 1 and f(x) = 0 otherwise.

Solution. Using (6) and integrating, we obtain

1 e |1 1

1
fom=—— J e dx = : = (e
V2w J_y V2w —iw -1 —iwV2T

—iw _ eiw)

As in (3) we have " = cosw + isinw, e~ = cos w — i sin w, and by subtraction

W
e

— e "™ = 2isinw.

Substituting this in the previous formula on the right, we see that i drops out and we obtain the answer
N T sin w
fwy=_[——— |
2w

Find the Fourier transform % (e ~%) of f(x) = ¢~ if x > 0 and f(x) = 0 if x < 0; here @ > 0.

Fourier Transform

Solution. From the definition (6) we obtain by integration

g(e—ax) — 1 J e—axe—iwxdx
V2 )
B 1 e—(a+iw)x ® 3 1
V2 —(a + iw)le=0 2w + iw)

This proves formula 5 of Table III in Sec. 11.10. |
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Physical Interpretation: Spectrum

The nature of the representation (7) of f(x) becomes clear if we think of it as a superposition
of sinusoidal oscillations of all possible frequencies, called a spectral representation.
This name is suggested by optics, where light is such a superposition of colors
(frequencies). In (7), the “spectral density” f (w) measures the intensity of f(x) in the
frequency interval between w and w + Aw (Aw small, fixed). We claim that, in connection
with vibrations, the integral

f | Fon)|? dw

—

can be interpreted as the total energy of the physical system. Hence an integral of |f (w)|?
from a to b gives the contribution of the frequencies w between a and b to the total energy.

To make this plausible, we begin with a mechanical system giving a single frequency,
namely, the harmonic oscillator (mass on a spring, Sec. 2.4)

my” + ky = 0.
Here we denote time ¢ by x. Multiplication by y" gives my’y” + ky'y = 0. By integration,
%mv2 + %ky2 = E¢ = const

where v = y' is the velocity. The first term is the kinetic energy, the second the potential
energy, and Eg the total energy of the system. Now a general solution is (use (3) in
Sec. 11.4 with t = x)

y = ay cos wox + by sin wox = ¢1"%" + c_je """, wg = k/m

where ¢y = (a1 — iby)/2,c_1 = ¢1 = (a1 + iby)/2. We write simply A = 1™,
B = c_1e” "™ Theny = A + B. By differentiation, v = y' = A" + B’ = iwy(A — B).
Substitution of v and y on the left side of the equation for Eq gives

Eo = imv® + 1ky? = Im(iwg)*(A — B)® + Lk(A + B~
Here w% = k/m, as just stated; hence mw% = k. Also i% = —1, so that
Eo = 3k[—(A — B2 + (A + B)?] = 2kAB = 2kc1"™*c_1e ™" = 2keye_q = 2k|cq |2

Hence the energy is proportional to the square of the amplitude |cy|.

As the next step, if a more complicated system leads to a periodic solution y = f(x)
that can be represented by a Fourier series, then instead of the single energy term |cq|?
we get a series of squares |c,.|? of Fourier coefficients ¢, given by (6), Sec. 11.4. In this
case we have a “discrete spectrum” (or “point spectrum”) consisting of countably many
isolated frequencies (infinitely many, in general), the corresponding cnl? being the
contributions to the total energy.

Finally, a system whose solution can be represented by an integral (7) leads to the above
integral for the energy, as is plausible from the cases just discussed.
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Linearity. Fourier Transform of Derivatives

New transforms can be obtained from given ones by using

THEOREM 2 Linearity of the Fourier Transform

The Fourier transform is a linear operation; that is, for any functions f(x) and g(x)
whose Fourier transforms exist and any constants a and b, the Fourier transform
of af + bg exists, and

@®) F(af + bg) = aF(f) + bF ().

PROOF This is true because integration is a linear operation, so that (6) gives

@{af(x) + bg(x)} = J’ [af(x) + bg(x)]e—iwxdx

1
V2T )_,

\/12? J_wf(x)e‘i“’x dx + b % J_wg(x)e_iwx dx

= aF{f()} + bF{g()}. u

=a

In applying the Fourier transform to differential equations, the key property is that
differentiation of functions corresponds to multiplication of transforms by iw:

THEOREM 3 Fourier Transform of the Derivative of f(x)

Let f(x) be continuous on the x-axis and f(x) — 0 as |x| = . Furthermore, let f "(x)
be absolutely integrable on the x-axis. Then

(€)) F' @) = iwF (f).

PROOF From the definition of the Fourier transform we have

®

! 1 ! —iwx
F{f 0} = \/2TTJ £ (x)e ™" dx.

Integrating by parts, we obtain

— (—iw) J Fx)e™ = dx].

—

F(f () = % [f(x)e‘m

—o

Since f(x) =0 as |x| — oo, the desired result follows, namely,

F{f ) =0+ iwF{f(x)}. [
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EXAMPLE 3

THEOREM 4

Two successive applications of (9) give
F(f") = wF(f)) = w)*F (f).

Since (iw)2 = —w?, we have for the transform of the second derivative of f
(10) F" ) = —wF ).

Similarly for higher derivatives.
An application of (10) to differential equations will be given in Sec. 12.6. For the time
being we show how (9) can be used to derive transforms.

Application of the Operational Formula (9)
Find the Fourier transform of )ce_’”2 from Table III, Sec 11.10.

Solution. We use (9). By formula 9 in Table III

Convolution

The convolution fx g of functions fand g is defined by

©

11 h(x) = (f*g)(x) = J f(p)g(x — p)dp = J J(x = p)g(p) dp.

— =

The purpose is the same as in the case of Laplace transforms (Sec. 6.5): taking the
convolution of two functions and then taking the transform of the convolution is the same
as multiplying the transforms of these functions (and multiplying them by V27):

Convolution Theorem

Suppose that f(x) and g(x) are piecewise continuous, bounded, and absolutely
integrable on the x-axis. Then

12) F(fx8 = V2w F(f)F(g).
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By the definition,

1 1 )
F(fxg = VEJ J f(p)g(x — p)dp e™""" dx.

An interchange of the order of integration gives

| »
@(f*g):mj Jf(p)g(x—p)e T dx dp.

—o "=

Instead of x we now take x — p = ¢ as a new variable of integration. Then x = p + ¢
and

L (7 i
?(f*g)=mj J f(p)g(@e™ P P dg dp.

This double integral can be written as a product of two integrals and gives the desired
result

1 * iy * i
F(f+g) =7J f(pe ”"pdpj g(q)e " dq

\2ar w .
= %mw F(HINVIT F ()] = VT F(HF(g). R

By taking the inverse Fourier transform on both sides of (12), writing f =% (f) and
g = % (g) as before, and noting that V27 and 1/V27 in (12) and (7) cancel each other,
we obtain

13) (f+8)x) = f Fow)g (w)e™= dw,

—®

a formula that will help us in solving partial differential equations (Sec. 12.6).

Discrete Fourier Transform (DFT),
Fast Fourier Transform (FFT)

In using Fourier series, Fourier transforms, and trigonometric approximations (Sec. 11.6)
we have to assume that a function f(x), to be developed or transformed, is given on some
interval, over which we integrate in the Euler formulas, etc. Now very often a function f(x)
is given only in terms of values at finitely many points, and one is interested in extending
Fourier analysis to this case. The main application of such a “discrete Fourier analysis”
concerns large amounts of equally spaced data, as they occur in telecommunication, time
series analysis, and various simulation problems. In these situations, dealing with sampled
values rather than with functions, we can replace the Fourier transform by the so-called
discrete Fourier transform (DFT) as follows.
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Let f(x) be periodic, for simplicity of period 277. We assume that N measurements of
f(x) are taken over the interval 0 = x = 277 at regularly spaced points

2k
(14) X = k=0,1,---,N— 1.

We also say that f(x) is being sampled at these points. We now want to determine a
complex trigonometric polynomial

N-1
(15) g = D, cpe™
n=0

that interpolates f(x) at the nodes (14), that is, g (xx) = f(x}), written out, with fi, denoting
fxp),

N-1
(16) fio = ) = qlxg) = D cpe™™™, k=0,1,---,N — 1.
n=0

Hence we must determine the coefficients cg, - - -, cy—1 such that (16) holds. We do this
by an idea similar to that in Sec. 11.1 for deriving the Fourier coefficients by using the
orthogonality of the trigonometric system. Instead of integrals we now take sums. Namely,
we multiply (16) by e~ " (note the minus!) and sum over k from 0 to N — 1. Then we
interchange the order of the two summations and insert x, from (14). This gives

N—-1 . N—1 N-1 ) N-1 N-1

(17) Efke—zmxk — 2 E Cnez(n—m)xk — Ecngez(n—mmwk/N.
k=0 k=0 n=0 n=0 k=0

Now

ez(n—m)2ﬂ'k/N — [ez(n—m)ZTr/N]k.

We donote [---] by r. For n = m we have r = ¢® = 1. The sum of these terms over k
equals N, the number of these terms. For n # m we have r # 1 and by the formula for a
geometric sum [(6) in Sec. 15.1 withg = randn = N — 1]

N-1 N

1_
z:rk= R
k=0 L=

because rN = 1; indeed, since k, m, and n are integers,
PN = =27k — s 2qrk(n — m) + isin 27k(n —m) =1 + 0 = 1.

This shows that the right side of (17) equals ¢, N. Writing n for m and dividing by N, we
thus obtain the desired coefficient formula

1 N-1

(18*) =5 2 fre™™ fo=f(xp), n=0,1,,N— 1.
k=0

Since computation of the ¢, (by the fast Fourier transform, below) involves successive
halfing of the problem size N, it is practical to drop the factor 1/N from ¢,, and define the
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discrete Fourier transform of the given signal f = [fy --- fN_l]T to be the vector
f=[fo - fn—1] with components
A N-1 )
(18) fn=New= 2 fle™™™  fi=f), n=0,N-1
k=0

This is the frequency spectrum of the signal.
In vector notation, f = Fyf, where the N X N Fourier matrix Fy = [¢,,;] has the
entries [given in (18)]

>

(19) et = oMk — e—27'rznk/N — Wnk W=wy = e—27rz/N7
wheren, k = 0,---,N — 1.

Discrete Fourier Transform (DFT). Sample of N = 4 Values

Let N = 4 measurements (sample values) be given. Thenw = e72™IN = ,=7/2 — _jand thus w"™* = (7i)"k.
Let the sample values be, say f = [0 1 4 9]". Then by (18) and (19),

w w w w 1 1 1 1 0 14
. w® wl w2 s 1 =i -1 i 1 —4 + 8i
(20) f = Fuf = f= =
wl wZ owt W 1 -1 1 -1 4 -6
wo w? oWt w? i -1 —i]|9 —4 —8i

From the first matrix in (20) it is easy to infer what Fy looks like for arbitrary N, which in practice may be
1000 or more, for reasons given below. [ |

From the DFT (the frequency spectrum) f = Faf we can recreate the given signal
s - . . = |

f = Fyf, as we shall now prove. Here Fy and its complex conjugate Fy = I W™
satisfy

(21a) FyFy = FyFy = NI

where I is the N X N unit matrix; hence Fy has the inverse

1f
21b Fy! = —Fy.
(21b) N = Fy

We prove (21). By the multiplication rule (row times column) the product matrix
Gy = FyFy = [gjx] in (21a) has the entries gj = Row j of Fyy times Column k of Fy.
That is, writing W = w’w", we prove that

gk = (ijk)o + (ijk)l 4o 4 (ijk)N—l
0 if j#k

=wo+ w+ - +WN‘1={
N if j=k
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Indeed, when j = k, then whw" = (ww)* = (e27/Ne=27/N)k = 1k = 1 50 that the sum
of these N terms equals N; these are the diagonal entries of Gp. Also, when j # k, then

W # 1 and we have a geometric sum (whose value is given by (6) in Sec. 15.1 withg = W
andn =N —1)

Wo+wh+. Wl =———— =0

because WN — (ijk)N — (627T’L)_](e—27T’L)k — 1] . lk — 1. .

We have seen that f is the frequency spectrum of the signal f(x). Thus the components
fn of f give a resolution of the 277-periodic function f(x) into simple (complex) harmonics.
Here one should use only n’s that are much smaller than N/2, to avoid aliasing. By this
we mean the effect caused by sampling at too few (equally spaced) points, so that, for
instance, in a motion picture, rotating wheels appear as rotating too slowly or even in the
wrong sense. Hence in applications, N is usually large. But this poses a problem. Eq. (18)
requires O (N) operations for any particular n, hence O(N 2) operations for, say, all
n < N/2. Thus, already for 1000 sample points the straightforward calculation would
involve millions of operations. However, this difficulty can be overcome by the so-called
fast Fourier transform (FFT), for which codes are readily available (e.g., in Maple). The
FFT is a computational method for the DFT that needs only O (N)logg N operations
instead of O (N?). It makes the DFT a practical tool for large N. Here one chooses N = 2P
(p integer) and uses the special form of the Fourier matrix to break down the given problem
into smaller problems. For instance, when N = 1000, those operations are reduced by a
factor 1000/logs 1000 = 100.

The breakdown produces two problems of size M = N/2. This breakdown is possible
because for N = 2M we have in (19)

w2 = wly = (e"2TIN2 = 4mY@ID _ m2mi/AD _
The given vector f =[fo -+ fy—1]' is split into two vectors with M components each,
_ T Py _

namely, foy =[fo fo -+ fn—2] containing the even components of f, and f,q =
[fi f3 - fN_l]T containing the odd components of f. For fe, and f,q we determine
the DFTs

A S A 3 T

foy = [fev,O fev,2 co fev,N—Z] = Fyfey
and

o 2 A 3 T

foq = [fod,l fod,3 fod,N—l] = Fufoq

involving the same M X M matrix Fy;. From these vectors we obtain the components of
the DFT of the given vector f by the formulas

(a) fn:fev,n+w%fod,n n=0,---,M-—1

(22) R N N
b)) fuim :fev,n - W%fod,n n=0,---,M— 1.
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For N = 2? this breakdown can be repeated p — 1 times in order to finally arrive at N/2
problems of size 2 each, so that the number of multiplications is reduced as indicated
above.

We show the reduction from N = 4 to M = N/2 = 2 and then prove (22).

Fast Fourier Transform (FFT). Sample of N = 4 Values

When N = 4,thenw = wy = —iasin Example4and M = N/2 = 2, hence w = wy; = T2 = T =
Consequently,
R fo 1 1| fo Jo+ fa
fey = | . | = Fofey = =
fa I —1]lf Jfo— fa
. A 1olal [a+s
foa=|. | = Fofoa = = .
/3 I —1]fs h—f

From this and (22a) we obtain
fo=Fevo+ Wfoao= o+ ) + (A +f) =fot i+t fs
f1 :fev,l + Wll\ffod,l =(fo—f)—ihith =f—-ii —fot ifs
Similarly, by (22b),
f2 :fev,o - WRIfod,O (ot -+ R=lh-hHhtk-f
f3 :fev,1 - Wllvfod,1 =(o—f) -~ =ftih—fo—ifs

This agrees with Example 4, as can be seen by replacing 0, 1, 4, 9 with fy, f1, fo, f3. |

We prove (22). From (18) and (19) we have for the components of the DFT
N4 y
Jn = 2 Wank-
k=0
Splitting into two sums of M = N/2 terms each gives
M- M-1
fo= 2w o+ W o1
k=0

k=0

We now use wa = wy and pull out w3 from under the second sum, obtaining

A M-1 . M-1 .
(23) Jn = E WMnfev,k + le\ll E WMnfod,k-
k=0 k=0
The two sums are foy 4, and foq 5, the components of the “half-size” transforms Ffe, and
Ffoq.
Formula (22a) is the same as (23). In (22b) we have n + M instead of n. This causes
a sign changes in (23), namely —w?; before the second sum because

W% _ e—27'rzM/N _ 6—271'1/2 _ -l —1

e =

This gives the minus in (22b) and completes the proof. |
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PROBLEM SET 11.9

1. Review in comp]gx, ShQW that 1/[ = fi, e—z:x = 12-17 USE OF TABLE III IN SEC. 11.10.
cosx —isinx, e“+e ¥ =2cosx, ¥ —e W= OTHER METHODS

.. ikx _ ..
Zisinx, €™ = coskx + isinkx. 12. Find & (f(x)) for f(x) = xe™ if x> 0,f() = 0 if

x <0, by (9) in the text and formula 5 in Table III

FOURIER TRANSFORMS BY (with @ = 1). Hint. Consider xe™™ and e~
INTEGRATIQN . ) 13. Obtain @(e_xz/ 2y from Table I11.
Find the Fourier transform of f(x) (without using Table 14. In Table III obtain formula 7 from formula 8.

IITin Sec. 11.10). Show details. 15. In Table III obtain formula 1 from formula 2.

2T i < x<1 16. TEAM PROJECT. Shifting (a) Show that if f(x)

2. f(x) = { ) has a Fourier transform, so does f(x — a), and
0 otherwise F(f(x = @)} = e F W)

(b) Using (a), obtain formula 1 in Table III, Sec. 11.10,

3. fx) = { I if a<x<b from formula 2.
0 otherwise (c) Shifting on the w-Axis. Show that if f(w) is the
e Fourier transform of f(x), then f (w — a) is the Fourier
4 f) = {e if x<0 (k>0 transform of e“**f(x).
0 if x>0 (d) Using (c), obtain formula 7 in Table III from 1 and
formula 8 from 2.
5. f(x) = {ex if —a<x<a 17. What cou.ld give you the idea to solve Prob..ll by using
0  otherwise the solution of Prob. 9 and formula (9) in the text?

Would this work?

6. f() = e (mo<x< o
o= o = DISCRETE FOURIER TRANSFORM

7. fo) = {x if 0<x<a 18. Verify the calculations in Example 4 of the text.
0 otherwise 19. Find the transform of a general signal
f=1fi fo f3 fal" of four values.
8. f(x) = {xe Cif —1<x<0 20. Find the inverse matrix in Example 4 of the text and
0 otherwise use it to recover the given signal.
21. Find the transform (the frequency spectrum) of a
9. £ {|x| if —1<x<l1 general signal of two values [f; fo]'.
. fx) =
0 otherwise 22. Recreate the given signal in Prob. 21 from the
frequency spectrum obtained.
10. f(x) = x if -l <x<l1 23. Show that for a signal of eight sample values,
A 0 otherwise w = e %% = (1 — i)/V/2. Check by squaring.
24. Write the Fourier matrix F for a sample of eight values
-1 if —-1<x<0 explicitly.
1. f(x) = 1 if O0O<x<l1 25. CAS. Proble.m. Calculate the inverse of the 8 >< 8
Fourier matrix. Transform a general sample of eight
0 otherwise values and transform it back to the given data.
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11.10 Tables of Transforms

Table I.

See (2) in Sec. 11.8.

Fourier Cosine Transforms

J(x)

few) = Fo(f)

10

11

12

{1 if 0<x<a

0 otherwise

271 0<a<

e ™™ (a>0)
—x%/2

e

e (> 0)

n_—ax

x'e (a>0)

ifo<x<a

{cos X
0  otherwise

cos (ax?)  (a > 0)

sin (ax2) (a > 0)

sin ax

(a>0)

e “sinx
X

Jolax) (a > 0)

2 sinaw

T W

[2 T(@  ar
— ——4 COs ——
T w 2

)

m\a® + w?

—w?/2

(I'(a) see App. A3.1.)

e

1 2
oW/ 4

V2a
[2 n! .
;W Re(a + lW)TH—1

sin a(l + w)
1+w ]

Re =
Real part

1 sina(l — w)
\/277[

1 —w

(See Sec. 6.3.)

\/f(l — u(w — a))

1 2
———arctan —,
21T w

1 — u(w — a)) (See Secs. 5.5, 6.3.)

2 1
Voves
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Table II.

See (5) in Sec. 11.8.

Fourier Sine Transforms

535

fsw) = F(f)

S
{1 ifo<x<a
1
0 otherwise
2 | 1/Vax
30 1/x%2

4 | x*71 0<a<

5 e ™ (a>0)

(a>0)

7 x"e™ (a>0)

—x%/2

9 | xe% (4> 0)

sinx if0<x<a
o
0  otherwise
1 c"i‘“ (a > 0)

2
12 arctan 7a (a>0)

2 [1— cosaw
i
1/Vw
2Vw

\/7 L@ | am
- a sin ——
T w 2
E(L)
a a2 + w2
[2 w
— arctan —
ar a

2 n!
- Im + n+1
\/ T @+ wdrrl (a + iw)

2
—w?/2
we W/

w —w?/4a
(20)3/2

1 {sin a(l —w) sina(l +w)

\/2TT 1 +w

\/fu(w — a)

sinaw  _
2 ———e
w

1—w

(I'(a) see App. A3.1.)

Im =
Imaginary part

(See Sec. 6.3.)
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Table Ill.  Fourier Transforms

See (6) in Sec. 11.9.

fow) = F(f)

S
| ? if—b<x<b
0 otherwise
1 ifb<x<ec
2
0 otherwise
3 (a>0)
x2 + a®

X ifo0<x<b
2x —b ifb<x<2b

0 otherwise
x>0
5 (a>0)
0 otherwise

@ojthb<x<c

0  otherwise

2

e
e
&9 if—b<x<b
0 otherwise

eiax

ifb<x<c

0 otherwise
9 | % (4>0)

10 sin ax

(a>0)

2 sin bw
T W

—i —i
bw e lew

iwvV2mr

[ el
2 a

-1 + Zeibw _ e—2ibw

\27w?

e

1
\V2m(a + iw)

e(a—zw)c _ e(a—zw)b

V2m(a — iw)
2 sinb(w — a)

m w —a

i ezb(a—w) _ ezc(a—w)

\/ 2 a—w

/% if |wl <a; 0if|lw] >a




Chapter 11 Review Questions and Problems

1. What is a Fourier series? A Fourier cosine series? A
half-range expansion? Answer from memory.

2. What are the Euler formulas? By what very important
idea did we obtain them?

3. How did we proceed from 27r-periodic to general-
periodic functions?

4. Can a discontinuous function have a Fourier series? A
Taylor series? Why are such functions of interest to the
engineer?

5. What do you know about convergence of a Fourier
series? About the Gibbs phenomenon?

6. The output of an ODE can oscillate several times as
fast as the input. How come?

7. What is approximation by trigonometric polynomials?
What is the minimum square error?

8. What is a Fourier integral? A Fourier sine integral?
Give simple examples.

9. What is the Fourier transform? The discrete Fourier
transform?

10. What are Sturm-Liouville problems? By what idea are
they related to Fourier series?

FOURIER SERIES. In Probs. 11, 13, 16, 20 find
the Fourier series of f(x) as given over one period and
sketch f(x) and partial sums. In Probs. 12, 14, 15, 17-19
give answers, with reasons. Show your work detail.

0 if —2<x<0
11. f(x) = )

if 0<x<?2
12. Why does the series in Prob. 11 have no cosine terms?
0 if —-1<x<0
13. f(x) =
x if 0<x<l1
14. What function does the series of the cosine terms in
Prob. 13 represent? The series of the sine terms?
15. What function do the series of the cosine terms and the
series of the sine terms in the Fourier series of
e” (=5 < x < 5) represent?

16. fx) = x| (—7m <x<m)
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17. Find a Fourier series from which you can conclude that
1—-13+1U5-1UT+—- =m/4

18. What function and series do you obtain in Prob. 16 by
(termwise) differentiation?

19. Find the
O<x<l.

20. f(x) =3x2 (—m<x<m)

21-22 | GENERAL SOLUTION

Solve, y" + wzy = r(t), where |w| #0,1,2,---,r(t) is
27r-periodic and

21 r(t) = 32 (—m <t <)

2. r(t) = |tl (=7 <t <)

MINIMUM SQUARE ERROR

23. Compute the minimum square error for f(x) = x/
(—m <x <) and trigonometric polynomials of
degree N = 1,---, 5.

24. How does the minimum square error change if you
multiply f(x) by a constant k?

25. Same task as in Prob. 23, for f(x)= |x|/7T
(—m < x <ar). Why is E* now much smaller (by a
factor 100, approximately!)?

half-range expansions of f(x) = x

FOURIER INTEGRALS AND TRANSFORMS

Sketch the given function and represent it as indicated. If you

have a CAS, graph approximate curves obtained by replacing

o with finite limits; also look for Gibbs phenomena.

26. f(x) =x + 1if0 <x <1 and 0 otherwise; by the
Fourier sine transform

27. f(x) = xif 0 < x < 1 and O otherwise; by the Fourier
integral

28. f(x) = kxif a < x < b and 0 otherwise; by the Fourier
transform

29. f(x) = xif 1 < x < a and 0 otherwise; by the Fourier
cosine transform

30. f(x) = e 2ifx>0and 0 otherwise; by the Fourier
transform
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SUMMARY OF CHAPTER 11

Fourier Analysis. Partial Differential Equations (PDEs)

Fourier series concern periodic functions f(x) of period p = 2L, that is, by
definition f(x + p) = f(x) for all x and some fixed p > 0; thus, f(x + np) = f(x)
for any integer n. These series are of the form

(1) f@ =ag+ S <an cos 2 x + by, sin '”Tx) (Sec. 11.2)
n=1 L L

with coefficients, called the Fourier coefficients of f(x), given by the Euler formulas
(Sec. 11.2)

1 L 1 L nirx
agp = 3L J_Lf(x) dx, a, = I3 J_Lf(x) cos de
2) .
1 . NTX
by, = 3 J f(x) sin 3 dx

-L

where n = 1, 2,---. For period 27 we simply have (Sec. 11.1)

(1%) fx) =ag + i (ay, cos nx + by, sin nx)

n=1

with the Fourier coefficients of f(x) (Sec. 11.1)

21

(7 1 (" L("
aO=J ) dx, an=7TJ f(x) cos nx dx, bn=7TJ f(x) sin nx dx.

-

Fourier series are fundamental in connection with periodic phenomena, particularly
in models involving differential equations (Sec. 11.3, Chap, 12). If f(x) is even
[f(—=x) = f(x)] or odd [ f(—x) = —f(x)], they reduce to Fourier cosine or Fourier
sine series, respectively (Sec. 11.2). If f(x) is given for 0 = x = L only, it has two
half-range expansions of period 2L, namely, a cosine and a sine series (Sec. 11.2).

The set of cosine and sine functions in (1) is called the trigonometric system.
Its most basic property is its orthogonality on an interval of length 2L; that is, for
all integers m and n # m we have

L L
T T . mMTX . N
J cosmLxcosLLxdx=0, J mn%&n%dx:O

-L -L

and for all integers m and n,

L
mwx . nwx
J cos sdex =0.

-L

This orthogonality was crucial in deriving the Euler formulas (2).
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Partial sums of Fourier series minimize the square error (Sec. 11.4).

Replacing the trigonometric system in (1) by other orthogonal systems first leads
to Sturm-Liouville problems (Sec. 11.5), which are boundary value problems for
ODE:s. These problems are eigenvalue problems and as such involve a parameter
A that is often related to frequencies and energies. The solutions to Sturm-Liouville
problems are called eigenfunctions. Similar considerations lead to other orthogonal
series such as Fourier-Legendre series and Fourier—Bessel series classified as
generalized Fourier series (Sec. 11.6).

Ideas and techniques of Fourier series extend to nonperiodic functions f(x) defined
on the entire real line; this leads to the Fourier integral

3) fx) = J [A(w) cos wx + B(w) sin wx] dw (Sec. 11.7)
0

where

©

4) Alw) = %J f(v) cos wu du, B(w) = %J f() sin wu dv

—® —®

or, in complex form (Sec. 11.9),

®) 1 = = Jf (e (i = V=)
where
® Fon == seweia

—®

Formula (6) transforms f(x) into its Fourier transform f (w), and (5) is the inverse
transform.
Related to this are the Fourier cosine transform (Sec. 11.8)

©

@) felw) = \/zj F(x) cos wx dx

0
and the Fourier sine transform (Sec. 11.8)
. 2 ” )
®) fsw) = \/;J f(x) sin wx dx .
0

The discrete Fourier transform (DFT) and a practical method of computing it,
called the fast Fourier transform (FFT), are discussed in Sec. 11.9.




