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Chapter 1

AN INTRODUCTION TO NUMBER THEORY

1.1. An Introduction to Number Theory

The theory of numbers is concerned with properties of numbers, particu-
larly properties of the integers, 0, +1, +2, +3,.... It may be asked: What
properties can numbers have? After all, they may be added, subtracted,
multiplied, and divided ; what else is there? It is the purpose of this section
toillustrate some of the answers to this question. Many of the results indicated
here will be proved in later chapters, but proofs of some are too advanced
and cannot be included here.

One main subdivision of elementary number theory deals with multi-
plicative properties of integers. Fundamental to questions in this area is the
notion of divisibility.

Definition. If a and b are integers, a # 0, and if there is an integer ¢ such
that b = ac, then we say that a divides b, and we write a|b. If a does not
divide b, then we write a tb.

Thus, although £ = 1.4, the quotient is not an integer and thus 547. Other
examples are

218, 1]42, 3|(=6), —7l149, 9480, —6431.

Certain positive integers, suchas 1, 2, 3, 13,and 10 006 721," have the property
that the only positive integers that divide them are themselves and 1. These
numbers were called the prime numbers by the ancients, but more and more
it has become advantageous to exclude 1 from this list, and thus the modern
definition of a prime number is

' The usual commas that separate thousands and millions are too confusing. It is
customary not to use them.
1



2 NUMBER THEORY

Definition. An integer greater than one whose only positive divisors are
itself and one is called a prime number. An integer greater than one which
is not a prime number is said to be composite.

All sorts of questions immediately spring to mind. How many primes are
there? The answer is infinitely many. This means that there is no last prime.
Or, alternatively, it can be thought of as meaning that there are more than
| million primes, more than 1 billion primes, more than 1 trillion primes,
in fact, more primes than any number that you care to name. This fact was
known by Euclid over 2000 years ago, and his proof will be given shortly.
What is the nth prime? For any given n, this question can always be answered
in a finite amount of time. For example, the 664 999th prime is 10 006 721.2
But in the sense of giving a formula which yields the nth prime for all n, this
has never been done. Is there a formula which at least gives only primes? No
one has ever found one. Centuries ago, it was believed that if n is an integer,
then

n* +n + 41

is always a prime number. [tis for n = 0, 1, 2,3, ..., 39, but it fails to be for
n = 40 and it fails obviously for n = 41 (there is a factor of 41 in both cases).
We will see in Chapter 3 that no polynomial can give only primes. Fermat
(1601-1665) conjectured that the numbers

F,=2"+1

are primes for all integers n > 0. He checked this for n =0, 1, 2, 3,4 and found
that the corresponding F,’s, 3, 5, 17, 257, and 65 537, are indeed primes. Since

Fs = 4294967 297,

Fermat did not attempt to verify his conjecture any further. Fermat un-
doubtedly had good reasons for believing his conjecture, nevertheless, he
was wrong. Euler (1707-1783) found in 1732 that 641|F5 and hence Fj5 is
composite. Since then it has been discovered that several additional F,’s are
composite. In fact, no F, with n > 4 has yet been proved to be a prime.
How many primes are there less than a given integer n? Legendre (1752

2] fear that this was done the hard way. All the primes from 2 to 10 006 721 were listed
by D. N. Lehmer in 1914—before the days of computers (see the bibliography at the
end of the book). There were 664 999 of them. Why did he stop here rather than at
the next prime? Lehmer defined | to be a prime also, and thus, in his terminology, he
stopped at the 665 000th prime. His goal was to list all primes from | to 10 000 000 ;
at 5000 primes per page, he reached the last prime under 10 000 000 on page 133 and
then simply completed the page.
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1833) and, after him, Gauss (1777-1855) conjectured that the answer is
approximately

n

L +]'
23 n

The fact that the ratio of this number to the number of primes less than n gets
nearer and nearer 1 as n gets larger is known as the prime number theorem.
It was first proved in 1896 by Hadamard (1865-1963)and de la Vallée Poussin
(1866-1962), and even today its proof is far from simple.

How can we tell whether or not a given integer is a prime? There is no
general method, although it is sometimes possible to find a small factor of
the given number by trial and error and hence show that it is composite.
For example, is

32589 158 477 190 044 731

a prime number? How would you tell? There are some general methods for
answering this question theoretically, but they are completely unsuited for
practical computations. For example, we will show in Chapter 3 that a
number n is a prime if and only if

nll(n — O + 1].

For example, 5|(4! + 1) and hence is a prime, while 64(5! + 1) and hence
is not a prime. This is an interesting property of primes, but it is totally
useless for verifying that the 20-digit number above is or is not a prime.

Another main category in number theory is given by additive questions.
The most familiar question of this type to the reader is the problem of writing
a perfect square as the sum of two perfect squares. Because of the Pythagorean
theorem, this problem is equivalent to the problem of finding right triangles
with integral sides. The reader has probably seen the 3,4,5 and 5,12,13 right
triangles. With the exception of these triangles and triangles similar to them
[such as twice the 3,4,5 triangle (6,8,10) or five times the 5,12,13 triangle
(25,60,65)], the reader may not have seen others. But there are others. Both
the 3,4,5 triangle and the 5,12,13 triangles have the hypotenuse being one
unit longer than one of the sides. If the sides are ¢ and b and the hypotenuse
is b + 1, then by the Pythagorean theorem

a? + b2 =(b+ 1)?
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or

(1) a? = (b + 1)* — b?
=b2+2b+1—b?
=2b+ 1.

Since 2b + 1 is an odd number, that is, since 2¥(2b + 1) (since b + % is not
an integer), we see that a? is an odd number and so we put

2) a=2n+1.
Then we see from (1) that
(3) _at -1
b="

_@n+ 12 -1

B 2

_4n* +4n+1 -1

B 2

= 2n? + 2n.

In equations (2) and (3), we have a and b in terms of n. Thus, we expect that
2n+1), 2n*+2n), @n*+2n+1)

is a Pythagorean triplet; that is, 2n + 1 and 2n? + 2n are the sides of a right
triangle and 2n* + 2n + 1 is the hypotenuse. This may be easily checked by
merely verifying that

(2n + 1) + (2n? + 2n)? = (2n? 4+ 2n + 1)?
for all n. When n = 1 and n = 2, we get the 3,4,5 triangles and the 5,12,13
triangles. When n = 3, n = 4, and n = 5, we get the triangles
7,24,25; 9,4041; 11,60,61.

We may continue plugging in different values of n as long as we desire. As
the 8,15,17 triangle shows, this method does not give all right triangles with
integral sides, but it does go far beyond the old standards 3,4,5 and 5,12,13.
The problem of finding all right triangles with integral sides boils down to
finding all solutions to the equation

x? 4+ 2 = 22

in positive integers. Such an equation is called a Diophantine equation in
honor of the Greek mathematician Diophantus (4th century A.D.?), who
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first investigated the problem of finding integral solutions to equations,
particularly the cases with more unknowns than equations. In Chapter 5
we will study some of the simpler methods of solving such equations, but we
will also run into them in other chapters.

Fermat generalized the Pythagorean equation by looking at the equation

(4) X"y =2

where n is an integer greater than or equal to 3. In the margin of his copy of
the works of Diophantus, Fermat stated that he had a truly wondrous proof
of the fact that, unlike the case of n = 2, when n > 3, equation (4) has no
solutions where x, y, and z are all nonzero integers. Unfortunately, Fermat
continued, the margin was not big enough to hold the proof. This result has
come to be known as Fermat’s last theorem, or Fermat’s great theorem (as
opposed to Fermat’s lesser theorem, which we find in Chapter 3). It is
unfortunate that Fermat left no hints as to his method of proof because no
one has been able to prove his theorem since! In fact, it is one of the two or
three most famous unsolved mathematical problems today.® The question
naturally arises: Did Fermat really have a proof of his theorem? There are
those who argue that Fermat did have a proof of his theorem and note that
the wisdom of the ancients far exceeded that of the mere mortal man of today.
Then there are the more cynical who believe that Fermat must have made
one of the mistakes that many after him have made. This question is as much
fun to argue as any philosophic or theologic question, and, like them, there
are no facts to contradict one’s arguments.

As another example of an additive question, we have Goldbach’s conjec-
ture made in 1742 that every even integer greater than 2 is the sum of two
primes. For example,

4=2+2 6=3+4+3 8=54+3 20=13+7, 100 =83 + 17.

This conjecture has been verified by Pipping for all even numbers less than
100 000, but no one has been able to prove it.

In this book, we will prove many seemingly obvious theorems. Perhaps a
word is in order on why we bother. There are two reasons why something is
obvious: First, it may sound very reasonable and, second, it may have been

3 Before the reader attempts to solve this problem, he should finish reading the book.
If he still insists on solving the problem after that, I request that he not send his solution
to me, as [ am not qualified to judge the correctness of so difficult a work. The reader
should be warned that thousands of people have submitted solutions to this problem
and none has been anywhere near correct. An announcement by an amateur that he
has solved the problem is greeted with the same skepticism as an announcement by
a sailor that he has seen a sea serpent.
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verified so often by personal experience that it no longer seems questionable
(itis hard to doubt something that has worked a million times in a row). How
obvious should something be before we accept it as true? A few examples
may help answer this question.

Let us investigate the conjecture thatany odd number which is not divisible
by either 3 or 5 is a prime. The odd numbers less than 20 which are not
divisible by 3 or 5 are 7, 11, 13, 17, and 19, all primes. The odd numbers
between 20 and 40 not divisible by 3 or 5are 23, 29, 31, and 37, also all primes.
Perhaps we should believe the conjecture and try to prove it. But wait! In
the next set of 20, we get the numbers 41, 43,47, 49, 53, and 59,and 49 = 7-7
is not a prime. Thus the conjecture is false and having seen a counterexample,
it is easy to construct others. The remaining counterexamples less than 100
are 77 = 7-11 and 91 = 7- 13. Perhaps, then, we should not accept some-
thing as true until it has been verified past 100.

Twenty-five centuries ago, the Chinese gave what they believed was an
infallible rule for determining primality. Their rule stated that n is a prime
if and only if

n(2" — 2).

For example, 2”7 — 2 = 126 = 7- 18 and 7 is a prime, while 2'° — 2 = 1022,
which is not divisible by the composite number 10. It is doubtful that the
Chinese had any reason to believe their rule other than the fact that it seemed
to work. Owing to the complexity of the number 2" — 2 when nis large, it is
hard to believe that the Chinese verified their rule for very many n. And yet
the Chinese rule was believed to be true for more than 23 centuries, and it
has been verified for all n up to 300. Further, Fermat showed that the Chinese
were correct when nis a prime. But in spite of all this, the Chinese were wrong.
It can be shown that their rule fails for n = 341 = 11 - 31. I would not advise
checking this statement, since 2**' — 2 has 103 digits. Besides, results of
Fermat, Euler, and Gauss, presented in Chapter 3, will make it trivial that

341)(2341 — 2).

Let us examine another conjecture. By the number of prime factors of an
integer n, we mean the number of factors (whether distinct from each other
or not) when n is written as a product of primes. For example, 12 =223
has three prime factors by this definition, and 16 = 2-2-2- 2 has four. We
shall say that 1 has zero prime factors and that a prime has one. Let O, be
the number of positive integers less than or equal to » which have an odd
number of prime factors and let E, be the number of positive integers less
than or equal to n which have an even number of prime factors. For example,
O,, = 7(thenumbers being 2, 3, 5,7, 8, 11,and 12)and E,, = 5(the numbers
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being 1, 4, 6,9, and 10). A product of two primes is clearly greater than either
of its prime factors. A product of four primes has smaller divisors which are
products of three primes, and so on. Thus, in some sense, the numbers which
are products of an odd number of primes come earlier in the sequence of
positive integers than the numbers which are products of an even number of
primes. This leads us to suspect that there are at least as many numbers less
than n with an odd number of prime factors as there are numbers with an
even number of prime factors. In other words, we have the conjecture that

0, >E,.

This is known as the Polya conjecture, after G. Polya (1887-), who in 1919
conjectured that if n > 2, then O, > E, (O, = 0 and E, = 1, but after this,
we come to the primes before we come to the product of two primes). The
Polya conjecture sounds reasonable without even experimentally verifying
it. But since the Polya conjecture had many important consequences in
advanced number theory, it was checked experimentally and it was found
to be true for the first million positive integers. Is it any wonder, then, that
the majority of mathematicians were confident that the Polya conjecture
would eventually be proved? But they were wrong. In 1958, Haselgrove
showed that there are infinitely many n for which

0, < E,.

The smallest known counterexample to Polya’s conjecture was found by
R. S. Lehman in 1962, and it is

n = 906 180 359,

at which
0,=E, - 1.

Perhaps the word ““obvious” is beginning to lose its meaning, but to make
sure, we give one last example. Wesee that x = 1, y = Osatisfies the Diophan-
tine equation
(5 x? — 1141y* = 1.

We might ask, does equation (5) have any solution in positive integers? We
see from (5) that

X = \ﬂ]41y2 + 1.
Thus the question is: Is 1141y* + 1 ever a perfect square? This may be
checked experimentally. It turns out that the answer is no for all positive y

less than 1 million. In view of the previous example, perhaps we should
experiment further. The answer is still no for all y less than 1 trillion (1 million
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million, or 10'?). We go overboard and check all y up to 1 trillion trillion
(10%%). Again the answer is, no. No one in his right mind would really believe

that there could be a positive y such that \/1141y* + 1is an integer if there
is no such yless than 1 trillion trillion. But there is. In fact, there are infinitely
many of them, the smallest among them having 26 digits. If you still do not
believe this, we will prove in Chapter 7 that there are infinitely many such y
and give a method whereby you may start from scratch and find the smallest
positive value of y in less than an hour (with a desk calculator).

In later chapters, we will discuss two widely believed conjectures of Euler,
both of which have been shown to be false within the last ten years. Thus it
is that the mathematician refuses to accept a statement as true, no matter
how plausible it is, until it is proved. In this vein, it is interesting to note that
we have used an obvious result in two of the examples above. How do we
know that every factorization of n into primes has the same number of prime
factors? How do we know that if two primes greater than 5 are multiplied,
the result will not be divisible by 3 or 5? Maybe it has never occurred to you
to ask these questions, but the chances are that your beliefs are based on
experience with rather small numbers. In view of the previous examples, we
will prove these rather obvious statements in Chapter 2 as part of a general
theorem on factorization. In Chapter 8, we will reexamine these “‘obvious”
concepts from a more advanced standpoint.

There are other questions that may be asked about numbers that are
neither multiplicative nor additive in character. For example, consider the
number 7 = 3.14159.... Pause at this point and think of a fraction which
you associate with . I suspect that you have thought of the number twenty-
two sevenths. Assuming this to be true, let us ask why you associate this
particular fraction with z. The first answer is that you were taught it in
school. But why did your teachers pick %2*? Presumably, the answer is that
42 is close to m and it is easier to work with 32 than 3.14159.... But why
sevenths? If it is ease of operation that we desire, 33 is close to m and by far
easier to use. Were your teachers being sadistic in making you always divide
by 7 rather than by 10, or is %* somehow a better representative of z than 34?
The answer is that 27 is a far better approximation to z than 3}. In fact, in a
sense to be explained in Chapter 7,2 is one of the best approximations to 7
by fractions.

How close can we expect a fraction with denominator g to come to a given
real number «? We can partially answer this question here. We consider all
the fractions with denominator ¢:

9 9’ q 9 9a°d4d4d4dqgqg "
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Either « is one of these fractions or a lies between two consecutive fractions.
In either case, there are two consecutive numerators n and n + 1 such that

n+1
P

<a<

1S

Now the following theorem becomes reasonable.

Theorem 1.1. Given a real number « and a positive integer ¢, there is an
integer p such that

—Tl< —.
a _2q

p‘l

Proof. As noted above, there is an integer »n such that

n n+1
- <La< -.
q q
Therefore, either
n<a<n+1(_n+l 1
9 4 24 q 2q
or
n+ 1 1 n+1
——=<a<
q 2q q
In the first case, « is within 1/2q of n/q and we take p = n;in the second case,
a is within 1/2q of (n + 1)/q and we take p = n + 1. A

Theorem [.1 is the best that we can do for an arbitrary denominator.
For example, with denominator g = 2, we can come no closer to 2 than the
1/2¢ of the theorem. With the denominator g = 10, we come slightly closer
tom (m — 35| = .04159 .. ) than the 55 = .05 guaranteed by the theorem. On
the other hand, with the denominator ¢ = 7, we come considerably closer

to 7 than the 4 = .0714 ... of the theorem, since
In — 22 .= 0012... .

In other words, 27 is roughly .0714.../.0012 ... =~ 60 times closer to n than
what is guaranteed by Theorem 1.1. Thus it appears that for certain excep-
tional denominators, we can find far better fractional approximations to real

4 We use the symbol A to signify that we have reached the end of a proof.
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numbers than what is guaranteed by Theorem 1.1. Let us illustrate the
difference between the ordinary denominator and the exceptional denomin-
ator. The closest approximation to = with denominator 117 is given by the
fraction 368/117 (it barely satisfies Theorem 1.1). The closest approximation
to z with denominator 113 is given by the fraction 355/113. Suppose we wish
to compute the circumference of the earth from its diameter. If we use 368/117
in place of 7, we will make an error of about 294 miles, while if we use 355/113
in place of n, we will make an error of only 1135 feet! In Chapter 7 we will
learn how to find the exceptional fractional approximations to a real number.

Let us completely change the subject. In 1693, De la Loubére gave a rule
for inserting the numbers 1, 2, ..., n? intoann x nsquare (n odd) so that the
sums of the numbers of any two rows or columns are the same (this square
array is commonly called a magic square). We illustrate the Loubére method
in Figure 1.1 with a 5 x 5 square. Place 1 anywhere in the square and then
move diagonally upward to the right, inserting the numbers 2, 3, and 4 as
you go. We pretend that the 5 x 5 squares on the boundary of our square
are copies of the original. Thus when 4 is put in the lower-right-hand corner
of the square above, we should also put 4 in the lower-right-hand corner of
the original square. We always move diagonally upward when possible.

13]20]22] 4| 6
1211921 I 73A 70 12 7 12119 —;l 3 110
s as 2 o T s s 252 9 |
24 | | 87_175~’l7~ 24 24 | 1 8 [ 15 117
5—77 **1417 lg 7;37 5 51714 71677 2?
767 l; i) 22 47 76 13 12022 4
- " S 00 EN O N E

Figure 1.1. The constructive process and the finished square. The numbers in any row
or column add up to 65.
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When we are blocked by a previous entry, as in going from 5 to 6 or from
10 to 11, we drop down one square instead and then continue diagonally
upward from there. In Chapter 4 we will apply the theory of Chapter 3 to
show that the Loubére method does what it claims to do for all odd n. In
the meantime, the reader may enjoy trying it out for other odd n.

1.2. Some Elementary Properties of Divisibility

In this section we derive some of the most used properties of divisibility
that do not depend on the factorization of a number into primes. Throughout
the rest of the book, unless otherwise mentioned, the small Roman letters
a, b, ¢, ... (with the possible exception of x, y, z) will stand for integers. The
letter p, except in Chapter 7, will be reserved for primes. Small Greek letters
o, f, 7, ... will stand for real numbers, except in Chapter 8, where they may
be complex as well.

Number theory could be deduced from a small set of axioms but we shall
not take this approach here. There are in particular two basic facts about
integers that we shall use throughout the book. The first states that any
nonempty set of positive integers contains a smallest member. Known as
the well-ordering principle, this property of integers will be used implicitly
time and again (for example, it is used in the paragraphs immediately before
and after the statement of Theorem 1.5). The second fact is known as the
division algorithm (logically, it is a consequence of the well-ordering principle).
It states that if ¢ and b are positive integers, then there are unique integers
g and r such that

a =bq+r, 0<r<b.

It is called an algorithm because the ordinary method of long division of u
by b produces the quotient ¢ and remainder r.

Theorem 1.2. Ifq, b, d, r, s are integers, d # 0, and d|a, d|b, then d|(ra + sb).
It follows that d|(a + b), d|{(u — b), d|ru.

Proof. By definition, there are integers ¢ and fsuch that

a = de, b =df.
Thus
ra + sb

rde + sdf
dre + sf),
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where re + sfisalso an integer. Therefore, d|(ra + sb). The special cases have
r=s=1,r=1ands= —1,b=uaands = 0, respectively. A

Theorem 1.3. If q, b, ¢ are integers, a # 0, b # 0 and q|b, b|c, then dlc.

Proof. By definition, there are integers d and e such that
b = ad, ¢ = be.
Therefore,
¢ = ade = a(de)

and hence d]c. A

Theorem 1.4. Ifa, b, and k are integers, a # 0, k # 0, then ¢|b if and only

if ak|bk.

Proof. If a|b, then there is an integer ¢ such that

b=uac.

Therefore,

bk = (ak)c
and hence ak|bk. Conversely, if ak|bk, then there is an integer ¢ such that

bk = (ak)c.
Thus, since k # 0,
b =uac

and hence alb. A

As an example of the application of Theorem 1.3, let n be an integer
greater than | and let m be the smallest divisor of n which is greater than |
(this is n itself if n is a prime). Then m is a prime. For if m were composite, we
would have an integer k, smaller than m but greater than 1, which divides m.
Thus by Theorem 1.3, k|n, since k|m and m|n. Thus k is a divisor of n which is
greater than 1 and smaller than the smallest such divisor, m. This is a con-
tradiction and hence m is a prime. By the way, it follows from this that every
positive integer greater than | has a prime divisor.

Theorem 1.5. If n is an integer greater than 1, then either n is a prime or
n is a finite product of primes.
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Proof. If the theorem is false, then there are composite numbers which are
not representable as a product of a finite number of primes. Let N be the
smallest such number. Thus if | < n < N, the theorem is true for n. Let p
be a prime divisor of N. Since N is composite,

N
Il <— < N.
p

But this means that the theorem is true for N/p and hence there are primes
Pi>P2»-- -, Pi such that

N
— = DP1P2 - Dk-
p

Therefore,

N =ppip; - D«

is a product of a finite number of primes also. This is a contradiction and
thus the theorem is true for all . A
Let us illustrate Theorem 1.2 by giving Euclid’s proof of a classic result.

Theorem 1.6. There are infinitely many primes.

Proof. Suppose to the contrary that there are only k primes, p, p2, ..., P«
and that all other integers greater than | are composite. Let

n=ppy--p+1

and let p be a prime divisor of n (it is possible that p = n). Then p is one of
the numbers py, p,, ..., p, and hence p|(p,p; - - - p«)- Since p|n, Theorem 1.2
tells us that

plin — pipa--- pa).
But

n—ppy - p=1
and pt1 since p > 1. This is a contradiction and hence there are infinitely

many primes. A
In the examples

3=2+1, 7=2-3+1, 31=2-3-5+1,
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1 plus the product of the first k primes is a prime (k = 1, 2, 3). The obvious
conjecture that this always occurs is false. The first counterexample is

2-3-5-7-11-13 + 1 = 30031 = 59509,

which is composite.

EXERCISES

1. Show thatifa # 0, then |0 and ala.

2. Show that if d # 0, d|a, then d|(—a) and —d|a.

3. What properties of integers do you use to show that if n > 1, then nf17?
4. Show that if a|b and b|a, then eithera = bora = —b.

5. List all the divisors of 12.

6. List all the numbers which divide both 24 and 36 (compare your answer

with your answer to the previous problem).

MISCELLANEOUS EXERCISES

L.

Show that if n is composite, then there exists a prime p < \/;l such that
p|n. (Hint : Consider what happens when two numbers greater than \/;
are multiplied.)

Use the idea of problem 1 to test the numbers 91, 103, and 343 as to
whether they are prime or composite.

. Write down the numbers from 1 to 40. Starting with 2 - 2, cross out every

second number: 4, 6, 8, 10, . ... Starting with 2 - 3, cross out every third
number: 6,9, 12, 15, . ... Starting with 2 - 5, cross out every fifth number :
10, 15, 20, .... Use the result of problem 1 to show that the numbers
that are not crossed out (except for 1) are exactly the set of primes less
than 40.

Generalize the result of problem 3 to show how you would find all primes
less than or equal to a given integer n. Show that in using this method,
it is not necessary to know the primes less than \/ﬁ beforehand, since
after the multiples of the jth prime have been crossed out, the next
number remaining after the jth prime is the (j + 1)st prime. This method
is known as the Sieve of Eratosthenes, and its generalizations have been
used to construct the modern tables of primes. (For example, the 168
primes less than 1000 will produce all the primes less than 1 000 000.)

. We will constantly be talking about the smallest (or first) integer of a set

of positive integers. Show that there is no such thing as the smallest (or
first) positive rational number.
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. Starting with 1 in the lower-left-hand corner, construct the 3 x 3 and

4 x 4 squares given by the Loubére method. Verify that all rows and
columns have the sum 15 in the 3 x 3 square and that all the columns
of the 4 x 4 square have the sum 34 but that the rows add up to 32 and
36.

. Show that if ptn for all primes p < \3/;1, then n is either a prime or a

product of two primes.

. Let p and ¢ be two consecutive odd members of the sequence of primes

2,3,5,7,11,.... Show that every factorization of p + ¢ into primes
involves at least three (not necessarily distinct) primes. As an example,
7+11=2-3-3

. Note that

15% = 225,352 = 1225,85% = 7225, 1052 = 11025

(the underlined portions are for emphasis only). Find a rule for squaring
an integer ending in 5 and prove that it works.

Note that
1777 1 4 28 5 7
7749550 5 SITXI™4 28 5 7 (repeats)
5
21
2 0
1 4
10
4 2
4 0
2 8
2 5
35
35

7

The modification of the usual division process for .7/5 shown above
gives %5 exactly. Use this illustration as a guide to find a simplified
method for evaluating the decimal expansion of a/b when0 < a < band
b ends in the digit 9. Illustrate your method with {5 and prove that your
method always works.



Chapter 2

THE EUCLIDEAN ALGORITHM AND
UNIQUE FACTORIZATION

2.1. The Euclidean Algorithm

Consider the set of all common divisors of the two integers a and b. If
a = b = 0, then the set of common divisors of ¢ and b is the set of all nonzero
integers. If not both a and b are 0, then there are only a finite number of
common divisors of @ and b, one of which is always 1, and thus there will be
a greatest member of this set and it will be positive.

Definition. Let a and b be integers, not both zero. Let d be the largest
number in the set of common divisors of ¢ and b. Then we call d the
greatest common divisor of a and b and we write

d = (a,b).
For example,

64 =2 GBS5=1, (-93)=3, (-6,—4=2 40 =4, (55 =5.
Since any divisor of an integer n is also a divisor of —n, we see thatifa and b
are not both zero,

(a,b) = (lal.|b]).

Hence we will restrict ourselves at first to finding the greatest common
divisor of positive integers.
Let us illustrate the general process by an example. Let

d = (54,21).
By Theorem 1.2, d also divides

12=54-2-21
16
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and thus is a common divisor of 12 and 21. By Theorem 1.2, d divides
9=21-12,

and therefore d is a common divisor of 9 and 12. By Theorem 1.2 again, d
divides

3=12-09.
Since 3|9, we stop at this point. Now that we know that d|3, we know that

d < 3. We turn these equations around and using Theorem 1.2 again each
time see that 3 divides

12=3+09,
and then 3 divides
21 =9 + 12,
and then 3 divides
54 =12+ 2-21.

Thus 3|21, 3|54, and (21, 54) = d < 3. Therefore,
(21,54) = 3.

We find also that we may use the above equations to write 3 as a linear
combination of 21 and 54. Using each equation successively we get

12=54-2.21,
9=21—-12=21—(54—2-21)=3-21 — 54,
3=12-9=(54—2-21)—(3-21 —54)=2-54 — 5-21.

Everything done above is perfectly general. Let d_, and d_, be positive
integers. The ordinary division algorithm for

d-
d_,

gives a quotient ¢, and remainder d, such that
d_2=u0d71+d0, 0Sd0<d71.
If d is O we stop ; otherwise the division algorithm for

d_,

do
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gives a quotient ¢, and remainder d, such that
d y=aydy +d,, 0<d, <d,.

If d, # 0, we continue onward, getting, successively,

do = azdl + dz, 0 < dz < dls
dl =a3d2 +d3, OSd3 <d2,
dk—Z =akdk71 +dk, OSdk<dk*ls

where it is assumed that d; # 0 if j < k. Since
d_, >dy>d >dy>dy > >d_y >d, =0,

it is clear that, sooner or later, some d; will equal zero and, in fact, since
each d; is at least one smaller than the d; before it, we will come toa d; = 0
with j < d_,. (Actually, it will happen much sooner than j=d | — |;
we are concerned here only with the fact that it does happen.) If d,,, = 0,
then

di_ | = ayy dy.
Thus, we may put these equations together as
d_ 5, =aed_| + dy, 0<dy<d_,
d_i=aydy +dy, 0<d <dg,
(1) :
di—2 = aydi—y + di, 0<d <d,,
di 1 = ay41dy-
Theorem 2.1. If d_, and d | are positive integers and d, is found from
the process of equations (1), then
(d_s,d_y) = d,.

Further, we may find integers r and s in a systematic way from equations
(1) such that

rd_, +sd_; = d,.
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Proof. Letd = (d_,,d_,). When we put (1) in the form
do=d_; —apd_y,
dy =d_; — aydy,

d2 = do - azdl,

dy = di—2 — apdy
we see from Theorem 1.2 that d|d,, and then d|d,, d|d,, ..., d|d,. Therefore,
(2) d < d,.

On the other hand, by starting at the last of equations (1) and working up,
we see from Theorem 1.2 that in succession,

dildi—y ddd -2, .. diddy, diddy, dildo, dild - dild .

Thus d, is a common divisor of d _ ; and d _ , and, therefore, by the definition
of the greatest common divisor,

d, < d.
This, combined with equation (2), says that
dy =d,
as desired.
It is most convenient to give an inductive proof of the last part of the

theorem. The main idea is that if we can express d,_, and d,. ; as combina-
tions of d_, and d _ |, then we may use the equation

dj = d’,z —_ ade71

to express d; as a combination of d _, and d _, also. The actual induction is
somewhat awkward since d;_, and d;_, are involved in getting the result
for d;. We may put things in the usual form for induction by complicating
our induction hypothesis. Let S, be the statement: There are integers r,, _,,
Sp_2, Fa—1-and s, such that

dyz3 =71y 2d 3 +5,-2d 4,

dpy =rpyd_3 + s, 4d_ .
Our goal is to prove that S, , ; is true since the second part of S, , | says that
there are integers r, and s, such that

dk = rkd_z + Skd~l'
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First, we note that
d_,=1-d ,+0-d_,
d—l = O'd_2 + l'd_l,

and thus S, is true. We now prove thatif 0 < n < kand S, is true, then S, |
is true. Suppose that S, is true so that there are integers r,_ 5, S,—,, r,— |, and
S, ; such that

du-2 =r,_2d_5 + s,-2d_y,
(3)

d" 1 =r",ld 2 +S",1d 1-
We see from (1) that

dn = dn* 2 = andnfl’
and if we substitute (3) into this, we get
dy = (rn_2d 5 + 5, 2d () —ar,d_; +s,_1d_))

(rn—z — ayry l)d—z + (Sn 2 a,,s,,,l)d 1
= r"d_z + S"d_l,

where we have put
Fon =Fp—2 — Qpl'p— 1y,
Sy =Sy_2 — AySy- 1.
Thus we have integers r,_ ¢, s, , r,, and s, such that
dyy =ryd-y +5,4d_y,
dy=rd 5, +sd_q,
which is the statement S, ;. Thus S, , , follows from S, Since S, is true, S,

follows from S,, and then S, follows from S|, S; from S,, ..., until finally
Si+1 follows from §,. A

Definition. The use of equations (1) for finding the greatest common
divisor is called the Euclidean algorithm.

Euclid, of course, did not use algebraic manipulations but rather stated the
whole process geometrically. We will say more about this in Chapter 7. In
actual practice, when we wish to write d, in terms of d_, and d_, it is
advantageous to proceed from the bottom of equations (1) rather than from
the top.
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As another example of the Euclidean algorithm, let us calculate (53, 77)
and express it as a linear combination of 53 and 77. We see that

77 =1-53 + 24,

53=2-24 45,
24=4-5+4,
S=1-4+1,
4=4.1,
and thus
(53,77) = 1.

Working backward we see that

1=5-1-4
=5-1-(24-4-5=55-1.24
—5.(53—-2.24)—1-24=5-53— 11.24
=5.53—11-(77—=1-53) = 1653 — 11-77.

In the example above, 53 and 77 have 1 as their greatest common divisor
and hence they have no common factors other than 1 and — 1. Such a fact
is sufficiently important to give it a name.

Definition. Let a and b be integers, not both zero. If
(a.b) =1,
then we say that ¢ and b are relatively prime.
Another way of putting this is to say that a and b are relatively prime if and
only if 1 and — [ are their only common divisors.
The result on linear combinations will be very useful both here and later,

and thus we will extend it to all integers and not just positive integers.

Theorem 2.2. Let a and b be integers, not both zero. Then there exist
integers r and s such that

ar + bs = (a,b).



22 NUMBER THEORY

Proof. We take the cases of neither a and b are zero and one of a and b is
zero separately. Suppose that b = 0. Then

(a,0) = (la|, 0) = |al
and
a(+1) + 0(0) = |al,

where the + lisusedifa > 0and — lisusedifa < 0.Inlike manner,ifa = 0,
then

0(0) + b(+1) = [b] = (0, b),

where the +1isusedif b > 0and —1lisusedifb < 0.

We may now restrict our attention to the case that neither a nor b is zero
and, in this case, both |a| and |b| are positive. By Theorem 2.1, there are
integers r and s such that

ral + slbl = (al, |b]) = (a,b).

Since

a= tlal, b= zlbl,
we see that

(£r)a + (£s)b = (a,b),
for an appropriate choice of signs. A

As an example, we saw earlier that

2-54 4+ (—=5)-21 =3 =(54,21)
and thus
(—2)-(=54) + (=5)-21 =3 = (—54,21),
2-54 +5.(=21) =3 =(54,-21),
(—2)-(—54) +5-(=21) = 3 = (—54,-21).

One result of Theorem 2.2 is the following.

Theorem 2.3. Let d = (a,b). Then n is a common divisor of a and b if and
only if n|d.

Proof. 1f n|d, then since d|a and d|b, Theorem 1.3 says that n|a and n|b, and
hence any divisor of d is a divisor of a and b. Conversely, if nja and n|b, then
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by Theorem 1.2, n divides
ar + bs = d,

where r and s are the integers given by Theorem 2.2. Thus a common divisor
of a and b is also a divisor of d. A

This result is a much more useful property of the greatest common divisor
than its definition as the largest of the common divisors. We will now
assemble several of the other most used properties of greatest common
divisors.

Theorem 2.4. Let (a,b) = d and let k be an arbitrary integer. Then

(@) (a, b + ka) = (a,b).
(b) (ak,bk) = |k|(a,b) (k #0).

ab
(C) (—1,‘—1) =1.

Proof. 1f n|a, n|b, then by Theorem 1.2, n|(b + ka). Thus any divisor of a
and b is a divisor of a and b + ka. Conversely, if nla, n|(b + ka), then
n|[(b + ka) — ka], and thus n is a common divisor of a and b. Hence the set
of divisors of a and b is also the set of divisors of a and b + ka, and therefore
the greatest member of this set is the greatest common divisor ofaand b + ka
as well as the greatest common divisor of a and b. This proves (a). Let

(ak,bk) = n,

and, for the moment, let k be positive. Since d|a, d|b, we see that dk|ak, dk|bk
and thus, by Theorem 2.3,

dk|n.
Thus there is a positive integer m such that
(4) (ak, bk) = dkm.
As a result,
dmk|ak, dmk|bk .

It follows from Theorem 1.4 that

dmia, dm|b,
then from Theorem 2.3 that

dm|d -1,
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and finally from Theorem 1.4 again that
m|l.
Thus m = +1 and since m > 0, m = 1. Equation (4) is thus
(ak,bk) = dk = k(a,b) = |k|(a,b),
which proves (b) when k > 0. Now ifk < 0, then —k = |k| > 0, and therefore
(ak,bk) = (—ak,—bk) = (alk|,blk|) = |k|(a.b),
and thus (b) is true. Last, since d > 0, it follows from (b) that

b
d = (ab) = %3)

d d

d.f’d.é) =d

which yields, after dividing both sides by d,

. A
d’d]’
We may also define the greatest common divisor of more than two integers.

We will use this concept for three integers in Chapter 5, and so we present
here the necessary details and leave further results to the problems.

Definition. If a, b, and ¢ are integers, not all zero, and d is the largest of
the common divisors of a, b, and ¢, then we say that d is the greatest common
divisor of a, b, and ¢ and we write

d = (a,b,c).

Since 1|a, 1|b, 1|c, we see that (a,b,c) is positive. As an example,

(4.8,10) = 2.

Theorem 2.5. If (a,b,c) = d, then

—_
ISV RS
]S
S Rs)
S —
Il
—_

Proof. Let



EUCLIDEAN ALGORITHM AND FACTORIZATION 25

so that n > 1. Thus

nl- n

b l¢
vd’ & "JJ

and, by Theorem 1.4,
dnla, dn|b, dn|c.

Hence dn is a common divisor of ¢, b, and ¢ and hence is less than or equal
to the greatest common divisor of a4, b, and ¢:

dn < d.
We divide this by d and find that
n<Il.

Hence n = 1. A
We note that it is possible to have

(a,b,c) =1

even though no two of the numbers a, b, and ¢ are relatively prime. For
example,

(6,10,15) = 1
even though

(6,100=2, (615 =3, (10,15 = 5.

Definition. Let a,,d,,...,a, be nonzero integers. We say that these
numbers are pairwise relatively prime if the greatest common divisor of
each pair of these integers is 1.

For example, the integers 4, 15, and 77 are pairwise relatively prime since
4,15) = (4,77) = (15,77) = 1,
while the integers 4, 15, 77, and 91 are not pairwise relatively prinfe since

(77.91) = 7.

EXERCISES
1. Show that if a, b, ¢ are pairwise relatively prime, then

(a,b,c) = 1.
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2. Use the Euclidean algorithm to find the greatest common divisor of
(@) 77 and 91, (b) 182 and 442, and (c) 2311 and 3701.

. Express (17,37) as a linear combination of 17 and 37.

. Express (399,703) as a linear combination of 399 and 703.

. Find integers r and s such that 547r + 632s = 1.

. Find integers r and s such that 398r + 600s = 2.

. Find integers r and s such that 922r + 2163s = 7.

. Are there integers r and s such that 1841r + 3647s = 1? Why?

. Show that if there is no prime p such that pla, p|b, then

*

*

Neliie JBbN e WLV I NIV

(ab)=1.

10. In the proof of Theorem 2.1, why did we restrict the proof that S, implies
S,+1t00 <n<k?

11. Are the integers 101, 209, 283, and 341 pairwise relatively prime?

12. Show that if p is a prime and a an integer, then either (a,p) = 1 or
(a.p) = p.

13. Use Theorem 2.4(c) to show that a fraction m/n can always be reduced to
lowest terms.

14. Let o; = d;_,/d;_,. Show that the Euclidean algorithm of equation (1)
takes the form

1

a():ao+—, a0<a0<a0+1,
oy
|

o0 =a, +—, a, <a; <a; + 1,
®2

oy = dy + 5 ak<ak<ak+1,
O+ 1

X1 = Ap+1-

2.2. The Fundamental Theorem of Arithmetic

The fundamental theorem of arithmetic, otherwise known as the unique
factorization theorem, states that if you and I independently write an integer
greater than | as a product of primes, we will get the same result except for
the order in which the primes are written in the two products. This theorem
will be used constantly throughout the rest of the book and well deserves its
name. There are times that the following milder-sounding theorems will
suffice in the applications; they are not really milder since they will be used
to prove the fundamental theorem later in this section.
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Theorem 2.6. If (n,a) = 1 and n|ab, then n|b.

Proof. Since (n,a) = 1, by Theorem 2.2, there are integers r and s such that
nr+as = 1.
Thus
nrb + abs = b.

Since n|n and nlab, n|[n(rb) + (ab)s], which is to say n|b. A

Theorem 2.7. If (a,m,n) = 1 (note that this is true whenever two of the

numbers a, m, n are relatively prime), then

(a,mn) = (a,m) - (a,n).

In particular, if (a,m) = (a,n) = 1, then (a,mn) = 1.

Proof. Let

d = (a,mn), d, = (a,m), d, = (a,n).

We then wish to show that d = d,d,. By Theorem 2.2, there are integers
r, s, t,and u such that

ar + ms =d,, at + nu = d,.
Therefore,
(ar + ms)(at + nu) =dd,;
that is,
a(art + rnu + mst) + mn(su) = dd,.

It follows from the definition of d and Theorem 1.2 that d|d,d,. Hence
%) d <dd,.
In order to prove the opposite inequality, we need to prove that
(dy,dy) = 1.

This is done as follows. Let (d,,d,) = ¢ > 1. Then e|d,, e|d, and thus by the
definition of d, and d, and by Theorem 2.3, ¢|a, ¢|m, ¢|n. Thus ¢ is a common
divisor of a, m, n, and if ¢ > 1, this contradicts the fact that (¢, m, n) = 1.
Hence ¢ = 1, as desired. But now, note that d|a, d,|m (by definition) and
thus, by Theorem 2.3, d,|d. In like manner, d,|a, d,|n, and thus d,|d. But this



28 NUMBER THEORY

may be written d,|d, - (d/d,). Since (d,,d,) = 1, it follows from Theorem 2.6
that d,|(d/d,), and then it follows from Theorem 1.4 that d,d,|d. Therefore,

did, < d,

and comparing this with (5) we see that d = d,d,. A
The next theorem is usually proved by using Theorem 2.6, but it is some-
what simpler to use Theorem 2.7.

Theorem 2.8. If pis a prime and p|(a,a, - - - a;), then for some j, | < j <k,
pla;. As a special case, if pla*, then pla.

Proof. We note that the only positive divisors of p are |1 and p. If ¢ is an
arbitrary integer, then since (a,p)|p, we see that (a,p) = | or (a,p) = p. In the
second case pla. Thus if ¢ is an integer such that pta, then

(pa)=1.
Now suppose that p divides none of the numbers a,, a5, ..., a,. Then
(pa,) = L(pay) = 1,....(pa) = 1.
By Theorem 2.7,
(p.aa;) =1.
By Theorem 2.7, again,
(p.ajazas) = 1.
After the (k — 1)st application of Theorem 2.7, we find that
(paay---ay) = 1.
But this contradicts the fact that p > | isa common divisor of pandaa, - - «,.

Hence p divides one of the numbers a,,q,, ..., q,, as desired. A

Theorem 2.9. (The Fundamental Theorem of Arithmetic, or the Unique
Factorization Theorem for Positive Integers). Suppose that n > 1 and

h=Dpp2P3 Pr = 4142 "y,

where p,, p2,-- 5P 41,92, ---,q, are primes. Then r = s and the two
factorizations of n are the same apart from the order of the factors.

Proof. Suppose that the theorem is false. Then the theorem is false for
certain values of n, and we will let N be the smallest of these. Thus we shall
assume that the theorem is true for all integers n between | and N but that
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the theorem is false for n = N. We will show that this leads to a contradiction.
Suppose that

N=pip2--p = 9192 4s»
where p;, P2, ... Prs 415425 - - - » 45 are primes.
The theorem is clearly true for primes and thus N must be composite and
hence r > 2, s = 2. Since the order of the factors is not important, we may
assume that they have been written so that

p=p, 1<j<r—1.

(6) .
qs = ¢, | <j<s—1.

We will first show that p, = g,. If this is false, then either p, > g, or ¢, > p,.
We will show here that p, > ¢, is false; the proof that g, > p, is false is
identical and in fact may be given from our proof by interchanging the
letters p and g and interchanging r and s. If p, > ¢, then, by (6),

P > qj, 1l <j<s.
Therefore, p,tq;forany of the g;’s. But by Theorem 2.8, this is a contradiction,
since
Pr|(‘I1‘I2 o qs)a
the product being N. Thus the inequality p, > g, is false and, in like manner,
q, > p, is false. Hence
pr = qs’
and therefore

N
(7 — =DPP2 Pt T 4192 Gy -

r

Since r > 2, s > 2, there is at least one prime in each of the factorizations of
N/p, in (7) and thus

N
|l <—<N.

pr
As a result, the theorem holds for n = N/p, and therefore
r—1l=s-1,

and the factorization ¢,q,---q,—, of N/p, is the same factorization as
piP2- - Pr- 1 €xcept possibly for the order of the factors. It follows that r = s
and the two factorizations of N as p,p,---p, and q,q, - - - q, are the same
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except possibly for the order of the factors. Thus the theorem is true for N
and this contradicts the definition of N. Thus the theorem is true for all
n> 1. A

As the example

shows, the fundamental theorem would be false if 1 were a prime. This is one
reason why [ is not considered a prime. As we see from the examples,

18 =2-3.3, 36 =2-2-3-3, 64=2.2.2.2.2.2,

it frequently happens that certain primes occur more than once in the
factorization of a composite number. In such cases, it is customary to use
exponents,

18 =232, 36 = 2232, 64 = 2°,
and in general we will write
n = pi'py - pi
When n is written this way, we will always assume that the numbers
Pis>P2s-- ., Di are distinct primes and, unless otherwise stated, that a; > 0,

a, > 0,...,a, > 0. The unique factorization theorem in this form says
that if

n=pi'py - P =414y - qur
(where the q; are also primes and the b; are positive), then k = m and, in
some order, the primes p,, p,,...,p; and ¢, 45, ..., q,, are the same with
the corresponding exponents being equal also. The following result is an

immediate corollary of either Theorem 2.8 or 2.9, but it is one which will be
used time and again.

Theorem 2.10. Suppose that the factorization of n into primes is given as
n=pi'py - pi

and that p is a prime such that p|n. Then for some jin therange 1 < j < k,
P = Dj.

Proof. By Theorem 2.8, p|p, for some j. Since p > | and the only positive
divisors of p; are 1 and p;, it must be that p = p;. A
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We may easily find the greatest common divisor of two (or more) integers
if we know their factorizations into primes. For example, from the factoriza-
tions

2600 =2-2-2-5-5-13
10140 =2-2-3-5-13-13,
it is easy to see that
(2600, 10 140) = 2-2-5-13 = 260,
particularly if we write the above factorizations as
2600 =(2-2-5-13)-2-5,
10140 =(2-2-5-13)-3-13.
This process is perfectly general; its only disadvantage for large numbers is
that you must know how they factor into primes.
Theorem 2.11. Suppose that
n=pip2- D419z 9i,
m=pipy--prifa -t

where py, P2, -5 P> 4154925 ---»4i> 1> F2,- . ., F;are primes such that none
of the ¢’s are equal to any of the r’s. (If k = 0, we interpret the product
piP2 - - pr as | and similarly for i = 0 and j = 0.) Then

(n,m) = p1p2 - pi-
Proof. Let
d =pip2- - P

Then d|n, djm and hence by Theorem 2.3, d|(n,m). Thus there is a positive
integer a such that

(nm) = da.
Therefore,
daldg,q;---q;,  daldriry---r;

and hence, by Theorem 1.4,

alq192 - g, ajryfy - r;.
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Our goal is to prove thata = 1.Ifa > 1, then thereis a prime p which divides
a, and it must also divide q,4, ---g; and ryr, -+ r;. By Theorem 2.10, p is

one of the g,,’s and is also one of the r,,’s. Thus the primes q,, ..., g; have
a prime in common with the primes ry,...,r;, which is contrary to the
hypothesis of the theorem. Hence a = 1 and therefore

(n,m) = d. A
EXERCISES

In problems 1-6, find the greatest common divisor of m and n by means of

Theorem 2.11 and check your result by using the Euclidean algorithm. You

may assume that the factorizations given of m and n are factorizations into

primes.

m=143 =11-13,n = 187 = 11-17.

m=231=3-7-11,n =561 =3-11-17.

m=>588=2:2-3-7-7,n=7546 =2-7-7-7-11.

m=119790 =2.3-3-5-11-11-11,n = 42900 = 2-2-3-5-5-11-13.

. m = 830407 = 823-1009, n = 919 199 = 911 - 1009.

m = 9797 = 97-101,n = 14507 = 89 - 163.

. What can you conclude about the four numbers 1456 813, 1468 823,
1476221, and 1488391 given that 1456813 1488391 = 1468 823 -
1 476 2217 Justify your conclusions.

8. Suppose that

N wvA WL

n=pi'ps---p,  m=pipP--pie
(Any two positive integers may be written this way with the same

primes if we allow zero exponents.) If min{a,b} means the smaller of a
and b (or their common value if they are equal), show that

(n,m) = pTin(an.bl)p;\in(az.bzl e pkmin(ak.bk)'
9. Suppose that
— — pwhipd b
n=py'py---pis,  m=pi'py---pis,

where zero exponents are allowed. Prove that n|m if and only if

a; Sbl,az sz,...,akak.

*10. Show that Theorem 2.6 can be proved from Theorem 2.9 without use
of the material of Section 2.1.
11. Show that Theorem 2.8 can be proved from Theorem 2.9.
12. Show that log,, 2 is irrational. (Hint : Let log,, 2 = n/m and show that
2" = 10")
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13. Show that if p is a prime and p|a”, then p"|a".

14. How many zeros are there at the end of 100!?

15. Give an example of four positive integers such that any three of them
have a common divisor greater than 1, although only + 1 divide all
four of them.

2.3. Applications of the Fundamental Theorem

This is actually a misleading section heading since it is usually Theorems
2.6, 2.7, and 2.8 that are used in applications rather than Theorem 2.9. But
as none of these theorems could be true without unique factorization, the
section heading accurately describes the fact that the results in this section
depend on the unique factorization property of the positive integers. Our
first application will be an application of the fundamental theorem itself.
Although it seems very mild, Theorem 2.12 will be of great importance in
Chapter 5.

Theorem 2.12. Suppose that ¢ and b are relatively prime positive integers
and

ab = "
Then there are positive integers d and ¢ such that
a=d" b=¢"

Proof. If a = 1, then we may letd = 1, ¢ = ¢;if b = 1, then we may let
d = ¢,e = 1. Thus we may restrict our attention to the case thata > 1,h > 1.
Since (a.b) = 1, the prime factors of ¢ and b are distinct. Thus we may set

a = pi'py---p = Pt prYS,
where p,.p,,...,p.+, are distinct primes, r > 1, s > 1. Suppose that the
prime decomposition of ¢ is given by

b, by

= ‘1’1’"12 k-
Then

nby, nby nby

pi'ps - P = 4V 'q; 4
By Theorem 2.9, k = r + s, the primes q; are the same as the primes p,

(except for order), and the corresponding exponents are the same. Thus we
may renumber the ¢’s so that

q4; = p,, l<j<r+s
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and then

Hence

a = (pyps - piry,

b = (piphis - phio) A

The reader may have learned that \/:2 is irrational. This is a special case
of the converse of a far more general result,

Theorem 2.13. Suppose that ¢ and n are positive integers and \"/a 1s
rational. Then \"/Zz is an integer.

Proof. Since \"/a is rational (and positive), there are positive integers r
and s such that

We may even assume that (r,s) = 1, since we may otherwise divide the
numerator and denominator by (r,s). We will show that s = 1. If s > 1,
then there is a prime p which divides s and then p divides

as" = r".

By Theorem 2.8, p also divides r, and this contradicts the fact that (r,s) = 1.
Hence s = 1 and therefore

Ja=r,
an integer. A

As an example of this theorem, since | < \/2 < 2, \/2 is not an integer
and hence not rational. As another example, since

23 < 10 < 33,

it follows that

2<\m<3,

and thus \m is not an integer. Therefore, 3/% is irrational.

The nextapplication isactually only a preliminary result which is necessary
in the proof of Theorem 2.15 in the next section (such a result is sometimes
called a lemma).
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Theorem 2.14. Suppose that m and n are relatively prime positive integers.
If d is positive and d|mn, then there are unique positive integers d; and d,
such that

d = dles dllnl, dzln.
Conversely, if d,|m and d,|n, then d,d,|mn.
Proof. Suppose that d|mn. We first show that there exists at least one such
pair of integers d,, d,. Let
(8) dy =(dm), dy=(dn).

Since dlmn, we see that (d,mn) = d. Further, since (m,n) = 1, we may apply
Theorem 2.7 to get
d = (dmn) = (dm)-(dn) = d,d,.
By definition, d,|m, d,|n, and thus d, and d, have the desired properties.
Now suppose that d) and d) are positive integers with the properties that
d = did,, dilm, d|n.

Then we see from the definitions of d, and d, as greatest common divisors
in (8) that

9 dy, <d,, d, <d,
and therefore
(10) d’ld’2 < d1d2 = d.

The only way that equality may hold in (10) is that equality holds in both of
(9) and hence

d!lzdl, d’zzdz.

This proves that the representation of d in the form of the theorem is unique.
The converse follows from the definition of divisibility. A

EXERCISES
1. Prove that \‘/3 is irrational.
2. Prove that /5 is irrational.
3. Prove thatifn > 2, then \"/; is irrational. (Hint : Show thatifn > 2, then
2" > n)
*4. Verify that ﬁ + ﬁ is a root of the equation

x*—10x2+1=0.
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Use the methods in the proof of Theorem 2.13 to show that the only

possible rational roots of this equation are x = 1 and x = — I, neither
of which are roots. Conclude that the roots of this equation are all
irrational.

5. The following numbers were once offered as a counterexample to
Theorem 2.14: m = 2%-3-5,n = 7-11,d = 11 (the claim being that, as
may be seen from the factorizations, there is no value of ¢, that will do).
Is this really a counterexample?

2.4. Multiplicative Functions

Before we actually give a definition of multiplicative functions, we will
present two examples.

Definition. Let n be a positive integer. We let d(a) be the number of positive
integers which divide n (including 1 and » itself). We let 6(n) be the sum
of the positive divisors of n (including 1 and n).

In Figure 2.1, we have evaluated d(n) and o(n) for »n in the range 1 to 20.

n|12345 67 8 91011 1213141516 17 1819 20

dn)| 12232 42 4 3 4 2 6 2 4 4526 26

an)| 1 347612815 1318 12 28 14 24 24 31 18 39 20 42

Figure 2.1

Itis clear that d(n) = 2ifand only if n is a prime and likewise a(n) = n + 1
ifand only if n is a prime. We should not expect a simple formula for either
d(n) or a(n), since then we could immediately decide from it whether or not
a given integer is a prime. We will see shortly, however, that if we already
know the factorization of n into primes, then there are simple formulas for
d(n) and a(n).

We see from the figure that there are times that d(nm) [or a(mn)] can be
determined from d(n) and d(m) [or o(m) and o(n)] by multiplication. For
example,

d2-5) = 4 =d(2)-d(5),

d3-4) = 6 =d(3)-d4),
d(2-9) = 39 = ¢(2) - 6(9),
a(4-5) =42 = a(4)- a(5).
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On the other hand, this cannot always be done, as the following examples
illustrate ;

d3-6)= 6% 8 =d((3) do),
a(4-4) = 31 # 49 = d(4)- 9(4).
In the above examples, we have had success in saying that
d(mn) = d(m) - d(n),

o(mn) = a(m)- o(n),

in every case that (m;n) = 1. We will prove this to be true shortly. These
examples motivate the following definition.

Definition. If the function f(n) is defined for all positive integers n, then
we say that f(n) is multiplicative if for all pairs of relatively prime positive
integers m and n,

S(mn) = f(m)- f(n).

If this is true for all pairs of positive integers, relatively prime or not, then
we say that f(n) is completely multiplicative.

As the examples above show, the concept of completely multiplicative
functions eliminates some functions of interest that the broader concept of
multiplicative function is able to consider. Examples of completely multipli-
cative functions are f(n) = n and the constant function, f(n) = 1. The
usefulness of a multiplicative function is that if we know what it is at prime
powers, then we know what it is for all positive integers by multiplication;
for example, if d(n) is multiplicative, then

d(126) = d(2-32-7) = d(2)-d(3%)-d(7) = 2-3-2 = 12.

It is usually, but not always, easy to evaluate multiplicative functions at
prime powers, and this leads to general formulas for all integers. The methods
of showing that d(n) and o(n) are multiplicative are virtually identical. As a
result, we will prove a more general result which will be useful later and
from which we may instantly show that d(n) and o(n) are multiplicative.

It may be useful to review the summation notation before continuing. The
reader is no doubt familiar with the notation

> /00,
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which is defined fora < b as

™M=

SfW=f@+fa+ )+ fla+2)+---+ f(b—1)+ f(b).

n=a

It frequently happens that we do not wish to add f(n) for all n in an interval,
but that we wish to add f(n) for all n restricted in a certain manner. In this
case, the restriction is usually put under the summation sign. For example,

Y =12+ /@) + 1)

neven

Y o) =f(5) + S (7

P prime

17 4
Y S = 1)+ [ + fO) + f(16) = T f(m?)

perfect
square

19
2 Sy =) +12)+SB) + &) + f5) + f(6) + [(10) + f(12) + f(15).

n|60

This last type of sum occurs particularly often in number theory. In such
cases, it is usual to drop the range of summation and, if necessary, add a new
restriction under the summation sign. For example, the last sum above may
be written

Y S

n|60,
1<n<19

It is always assumed in this notation that we are speaking of only the positive
divisors of an integer. Thus the preceding sum may just as well be written

and this is always done by mathematicians. Other examples of this notation
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are

Sy =f(1) + f2) + f(5) + f(10),

410

2 f)=f1)+ 2+ f3)+ f(4) + [(6),

2,
<12

h-n.

> f(d)g( ) S(1)g(10) + f(2)g(5) + f(5)g(2) + f(10)g(1),

d|10

Y. Sfldgldy) = f(1)g(10) + f(2)g(5) + f(5)g(2) + f(10)g(1),

|10,
did;=10
Y fldidy)=f(1-1) + f(1-2) + f(1-5) + f(1-10)
dy3,
al1o + /G- D+ fB-2+ fB-5 + f(3-10),
2 Sd)y = f(1) + f(2) + f(5) + f(10) + f(3) + f(6) + f(15)
d|30

+ f(30).

Notice that the third and fourth sums are the same, as are the fifth and sixth.
We are going to prove that if f(n) is multiplicative, then so is the function
g(n) defined by

gn) =Y f(d)

d|n

Let us first illustrate the proof with a numerical example. We will show that
8(30) = g(3)g(10).

g3)g10) = ¥ fd)- Y f(dy)

di[3 d,[10
=[/(D)+ fON-[S/MD) + f) + f5) + f(10)]
=f(MfM) + f()fQR) + f()f5) + (1) f(10)

+ /O (D) + B2+ fB)f(5) + fB)f(10)
=fU-1)+ f{1-2) + f(1-5 + f(1-10)

+ /G- D+ f3-2)+ f3-5+ f(3-10)
=f() + f2) + f(5) + f10) + f(3) + f(6) + f(15) + f(30)
. f(30)

4|30

£(30).
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In the summation notation, this string of equalities may be written

g(3)g(10) = dZH f(dll'dlzm f(dy)

= ) fld)f(dy)
o

= dZH f(dd>)
dz|10

=Y fld)
d|30

= g(30).

This is exactly what will be done in general.

Theorem 2.15. If f(n) is multiplicative, and g(n) is defined as
gn) =) f(d),

din

then g(n) is multiplicative.

Proof. Suppose that n > 0, m > 0, (m,;n) = 1. Our goal is to show that

g(m)g(n) = g(mn).
We begin by finding g(m)g(n),

(11 gmg(n) = 3 f(d\) 3 f(dy)
dy|m

da|n

= ) fd)f(dy).

dqm
dy|n

If dy|m, d,|n, and n and m have no common factors greater than 1, it follows
that d, and d, have no common factors greater than 1, or, in other words,
(d,,d,) = 1. Thus by the definition of multiplicative functions, if d, and d,
are positive and d,|m, d,|n, then

f(dl)f(dz) = f(dldz)-

Thus the expression in (11) becomes

(12) gmign) = 3 f(didy).

dym
dain

By Theorem 2.14, the set of numbers d,d,, where d, and d, are positive
divisors of m and n, is exactly the set of positive divisors of mn, and no
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duplications occur. Therefore, we may put (12) in the form

glmg(n) = . f(d)

d|mn
g(mn),

and hence g(n) is multiplicative. A
As immediate consequences of Theorem 2.15, we have

Theorem 2.16. The functions d(n) and a(n) are multiplicative.
Proof. The function f(n) = | is multiplicative and

din) =} f(d),

d|n

41

since the sum on the right adds | as many times as there are positive divisors

of n. By Theorem 2.15, d(n) is multiplicative.
The function f(n) = n is multiplicative and

a(n) = f(d).

dln

Hence o(n) is also multiplicative. A

The facts that d(n) and o(n) are multiplicative enable us to evaluate them

in terms of the factorization of n into primes.

Theorem 2.17. If the factorization of n into primes is given by
n = pi'p% - pi¥
then
dn)y = (a, + Da, + -~ (a + 1)
and
a(n) = (1 + py +pi + -+ pI + py + p3+ -+ pP)--
(L4 e+ pi+ o+ PR
prot—tpptt -1t -
p—1 p—1 =1

Proof. If pis a prime and a > 1, then the divisors of p“ are 1, p, p%, . ..

Hence

dp") = a + |
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and

op)=1+p+p'+--+p

pa+ 1
==—7"
The last equality utilized the formula for the sum of a finite number of terms
of a geometric progression (first term equals 1, and common ratio equals p).
The result of the theorem now follows from the multiplicative properties of

d(n) and o(n) derived in Theorem 2.16. A
As an example, the factorization of 20 into primes is
20 = 22.5!
and hence

d20) =2+ (1 + 1) =6,
23—1) 52 — 1) 724
|

a(20) = (2 | T

These results are of course the same as those listed in Figure 2.1.

The function a(n) has been an object of interest since before the time of
Euclid. The ancients considered the function

on)—n= 3 d,
d|n
d<n

or, in words, the sum of the positive divisors of n other than n itself. This
function is not multiplicative, as the example
6(6) —6=6+#1-1=(a(2) — 2)-(a(3) — 3)
shows. This is the reason that a(n) is usually investigated today rather than
a(n) — n. Certain integers n (such as n = 6) have the property that
o(n) —n=n.

The ancients believed that such numbers had mystical properties and called
them perfect numbers. A somewhat larger example than 6 of a perfect number
is 211212 (11213 1) 1 which has 6751 digits. Euler knew the form of all even
perfect numbers. He showed that an even perfect number must be of the
following form (Euclid had shown such numbers to be perfect):

n=2r"12r - 1),

! As this is being written, 2''*'? — 1 is the largest number that has been proved to be
a prime.



EUCLIDEAN ALGORITHM AND FACTORIZATION 43

where both p and (27 — 1)are primes. To this day, it is not known if there are
infinitely many perfect numbers, nor is it known if there are any odd perfect
numbers. It is known that there are no odd perfect numbers less than 1029,
but in view of the examples in Section 1.1, this should not be regarded as
conclusive evidence that there are no odd perfect numbers.

EXERCISES

l.
2.

w

9.*

10.*

Verify that 6, 28, and 496 are perfect numbers.
The Greeks defined the numbers m and n to be amicable if

olm) — m = n, on) — n=m.

The amicable numbers 220 and 284 were known to Pythagoras.
Verify that they are amicable.

Find a(n) — nforn = 1184 and n = 1210.

Find o(n) — n for n = 12496 = 2*-11-71, n = 14288 = 2*.19-47,
n=15472=2%.967, n=14536=2%.23.79, and n = 14264 =
23.1783. These numbers were found by Poulet in 1918.

Prove that if 2 — 1 is a prime, then

n=2""12r-1)
is a perfect number.

Find an integer n less than or equal to 70 such that d(n) = 12.
Find an integer n such that

a(n) = 546.

. Let o,(n) be the sum of the squares of the positive divisors of n. Show

that o,(n) is multiplicative and show that if

- a (73 a
n = py'p3* .- - pi,

then
i P g
: pi—1  p3—1 pi — 1

Show that if n is a perfect square, then o(n)|o,(n) (see problem 8). Give
an example of an integer n such that a(n)fa,(n).

We seem to have done more in problem 5 than Euler’s result says that
we can do since we did not require that p be a prime number. Prove
that if 2" — 11sa prime, then n is a prime. (Hint : If n is composite, show
2" — 1 may be factored.)
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2.5. Linear Diophantine Equations

With this title, we could investigate 20 linear equations in 37 unknowns,
but we will stick to one equation in two unknowns. Our aim is to either find
all integers x and y which satisfy the equation

ax + by = ¢
(a, b, and ¢ are integers) or show that there are none.

Theorem 2.18. Suppose that a and b are nonzero integers and d = (a,b).
If d¥¢, then the equation

(13) ax + by = ¢

has no integral solutions. If d|¢, then the equation has infinitely many
solutions. [f x = x,, y = y, is one integral solution to (13), then all integral
solutions to (13) are given by

x=x0+12
0 d’
(14)
— v t(l
y Yo d’

where t is an integer.
Proof. Since d|a, d|b, it follows that d|(ax + by) for all integers x and y.
Thus if
ax + by = ¢,

then d|¢. Hence (13) has no solutions if d f¢. Suppose now that d|c. Then there
is an integer e such that

¢ = de.
By Theorem 2.2, there are integers r and s such that
ar + bs = d.
Hence
a(re) + b(se) = de = ¢
and (13) has an integral solution. If

(15) axo + by = ¢,
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then

X +tb
a —_—
°T

a
+ b(yo — [Z = dXyp + byo =q,

and hence (13) has infinitely many solutions, among them being the in-
finitely many given in (14).

It remains to show that every solution of (13) can be put in the form of (14).
Suppose that x and y are integers which satisfy (13). If we subtract (15) from
(13), we get

alx — xo) + by — yo) =0

or
a b
(16) J(x — Xo) = _E(y = Yo)-
Thus
bla b a
*‘2 E(x — Xo), but 'J, —(}) 1

by Theorem 2.4, and hence, by Theorem 2.6,

d (x — xo).

Thus there is an integer ¢ such that

17 —té
(17) X = Xo = Lo,

If we substitute this in (16), we get

b
= —E(y = Yo)

ISURIR o

a
—t
d
and hence
y—JYo = 4

From this and (17), we get
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and thus every solution to (13) may be written in the form of (14). A

When a and b are small, it is frequently possible to find a solution to (13)
by inspection. Otherwise the Euclidean algorithm gives us a systematic
method of finding a particular solution to (13) (assuming that d|c). For
example, suppose that we wish to solve the equation

(18) 12x + 25y = 331.

We first use the Euclidean algorithm to express (12,25) in terms of 12 and 25.
Since

25=2-12+ 1,

12=12-1,
we see that (12,25) = 1 and

—-2-124+1.25=1.
If we multiply this through by 331, we find
12(—662) + 25(331) = 331
and thus
X = —662, y = 331

is a particular solution to (18). The general solution to (18) is then given as

(19) x = —662 + 25  y=2331—12t.

It is interesting to note that (18) has a unique solution in nonnegative
integers. If x > 0, then, by (19),

—662 + 25t >0
25t = 662

t> %82 =26+ 3%,

w|

If y > 0, then by (19),
331 - 12t >0
331 > 12t
27T+ G =3 >t.
Thus if x > 0 and y > 0, then

26 +42 <t <27+ 1%,
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and the only integer in this range is t = 27. If we put ¢t = 27 into (19), then
we get
x = 13, y=17

as the only solution to (18) in nonnegative integers.

The fact that some Diophantine equations have unique solutions in
positive integers leads to the possibility of being able to completely solve
certain “word problems’ without having as many equations available as
unknowns. For example, consider the following problem: Jimmy bought a
certain number of regular-size comic books at 12 cents apiece and a certain
number of “‘giant”-size comic books at 25 cents apiece. If Jimmy spent
$3.31 altogether, how many comic books did he buy? If we let x be the number
ofregular size and y the number of giant-size comic books that Jimmy bought,
then x and y are related by equation (18). Clearly, x and y are restricted to
being nonnegative integers by the problem and thus, as was shown above,
x = 13, y = 7. Therefore Jimmy bought 20 comic books altogether.

There is one last item that we will discuss here since it sometimes causes
confusion. Since x = 13, y = 7 is a solution to (18), it follows from Theorem
2.18 that all solutions to (18) can be written in the form

x =13 + 25T,
y= 7- 12T

This seems to contradict what we derived in (19), but it does not. Equations
(19) and (20) are connected by the relation

T=1t-—27.

(20)

For example, the solution x = 38, y = —5 to (18) is given by ¢t = 28 in
(19) and T =1 in (20). The form of the final answer depends on which
particular solution is used in expressing it. There are infinitely many ways
of writing the solution to (18). The reader should remember this if his answer
to some of the exercises differs from the answer given at the back of the book.

EXERCISES
In problems 1-6, either find all integral solutions to the given equation or
show that it has none.

l. 3x + 2y = |
3x — 2y =1.
17x + 14y = 4.
33x — 12y = 9.

91x + 221y = 15.
401x + 503y = 20.

S kW



48 NUMBER THEORY

In problems 7-10, find all solutions in positive integers to the given equation
or show that there are none.

7. 23x — Ty = 1.

8 9x + 11y = 79.

9. 39x + 47y = 4151.

10. 5x + 6y = 50. (You may check your answer by looking at the stars on
an American flag.)

11. Harold and Betty find that their house is 33 of a Harold length plus 33
of a Betty length long. They find this hard to remember and would much
prefer integral Harold and Betty lengths. Can this be done if Harold
is 6 feet tall and Betty is 5 feet tall?

12. A grocer sells a 1-gallon container of milk for 79 cents and a -gallon
container of milk for 41 cents. At the end of the day he sold $63.58
worth of milk. How many 1-gallon and 3-gallon containers did he sell?

*13. A teacher has been designing a word problem for a number theory
examination. Thus far he has decided on the following outline for his
problem. A furniture dealer used to sell 49 black-and-white TV sets a
week at $70 apiece with a profit of 30 percent on each set. Since the
advent of color TV, black-and-white TV sets became cheaper at the
wholesale level, but the dealer has kept his price at $70 a set and now
he makes 40 percent on each set. However, in order to capture a greater
share of the color-TV market, the-dealer has reduced his profit on
color-TV sets to 19 percent per set, which enables him to sell color-TV
sets for only $300 apiece. The dealer’s total sales in TV sets last week
was d dollars. How did his profits last week compare with the days
before color TV?

The teacher desires to have the answer come out that the dealer
made $13 more with his present arrangements. What value of d should
he use in his problem to get the desired answer? With this value of d,
will the teacher’s students get a unique answer?

MISCELLANEQOUS EXERCISES
1. Show that (a,b,c) = ((a,b),c) provided that a and b are not both 0.
2. Show that if m and n are positive, then

mn

(m.n)
is the least common multiple of m and n (that is, the smallest positive
integer divisible by both m and n).
3. Show that if
ax" +a, 1 x"" "+ +a;x+a,=0,
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where ay,4a,,...,a, are integers and x = r/s is rational, (r,s) = 1, then
sla, and rlag. (In applications, it must be remembered that r/s may be
negative.) In particular, show that if ¢, = 1 and x is rational, then x is
an integer.

. Ifax? + bx + ¢ = 0, then, as is well known,

_ —b+ /b? — dac
B 2a '

X

Reconcile this with problem 3, which says that if x is rational, then the
denominator of x divides a.
. Suppose that b and ¢ are integers and that

r=—-b+./b*-c¢
1s rational. Since r is a root of the equation
x2 4+ 2bx + ¢ =0,

it follows from problem 3 that r is an integer and r|c. Prove this directly.
. Prove that (a*,b?) = (a,b)%.

. Factor the numbers 1 456 813, 1468 823, 1476221, and 1 488 391 into
primes ( and prove that you have primes when you are done), given only
that none of these numbers have any prime factors less than 35 and

1456813 - 1488391 = 1468 823-1476221.
. Show that if there are integral solutions to the equation
ax + by + cz = e,

then (a,b,c)le. Suppose that (a,b,c)le. Show that there are integers w and
z such that

(a,b)w + cz = ¢
(see problem 1). Then show that there are integers x and y such that
ax + by = (a,bw.

(This same technique works for one equation in n unknowns. Solutions
may be found—when they exist—by the analogous process of converting
the equation to n — 1 successive equations in two unknowns.)

. Use the method of problem 8 to find all the integral solutions of the
equation

323x + 391y + 437z = 10473.
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Your answer should have two integer variables in it. Find all positive
solutions.

. When Mr. Smith returned from Europe in 1966, he found that he had in

his possession 35 British sixpence coins, 55 French ten-centime pieces,
and 77 Greek drachmas. Mr. Smith converted each of these coins to its
value in American money (rounded off to the nearest cent) and found
that the total was worth $5.86. How much was each coin worth in 1966
(to the nearest cent)? If the phrase “rounded off to the nearest cent”
were dropped from the problem, would your answer above necessarily
be near the correct coin values?

For n > 0, show that if 2" + 1 is a prime, then n is a power of 2.

We may use the unique factorization theorem to give another proof (due
to Euler) that there are infinitely many primes. Assume that there are
only finitely many primes, p,, p,,..., px. Prove that

1 1
EAlLEA (5
a;= 0P1 ar= on a,=0 Pk

(-3l -2

The product of the finite number of series on the left will converge
absolutely since each series is absolutely convergent. Show that the
product of the series on the left is

which diverges. Hence there are infinitely many primes.
Prove that nis a common divisor of ¢, b, and ¢ if and only if nis a divisor
of (a,b,¢).



Chapter 3

CONGRUENCES

3.1. Introduction

We may thank Gauss for the exceedingly useful concept of congruences.
Some of the results of this chapter were known earlier, but Gauss was the
first to systematically develop the subject.

Definition. Let a and b be integers and n a positive integer. If nl(a — b),
then we say that a is congruent to b modulo n, and we write

a = b(mod n).

We also write a # b(mod n) when we wish to say that a is not congruent
to b modulo n. This is equivalent to saying that n¥(a — b).

Thus by the definition of divisibility, a = b(mod n) if and only if there exists
k such that a = b + kn. For example,

37 = 25(mod 12),
-9 = 31(mod 10),
7216 = 29 216(mod 1000),
5z 7(mod 3).

Congruences occur in everyday life. Ordinary clocks and wrist watches
measure hours (mod 12). Days of the week measure days (mod 7). A car
speedometer (technically an odometer) measures mileage (mod 100 000). A
speedometer that reads 51 937 does not say (even if it has not been tampered
with) that the car has driven 51 937 miles; the fact that this is the unanimous

interpretation is a comment on today’s low-quality production methods,
which virtually ensure that no car will last 151 937 miles.

51
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The congruence sign, =, resembles an equal sign. This is particularly
appropriate since congruences possess many of the properties of ordinary
equality. As an illustration, suppose that a and b are positive integers and

a = b(mod 1000).
This says that
1000|(u — b),

or, in other words, the last three digits of (@ — b) are zeros. Thus the last
three digits of a and b must be the same. Conversely, if the last three digits
of a and b are the same, then

1000|(a — b)
and hence
a = b(mod 1000).

Therefore, two positive integers are congruent modulo 1000 if and only if
their last three digits agree. If you think about it for a minute, you will
realize that the last three digits of the sum and product of two positive
integers depends only on the last three digits of the two integers. Thus, if
a, b, ¢, and d are positive integers and

a = b(mod 1000), ¢ = d(mod 1000),
then
a + ¢ = b + dimod 1000), ac = bd(mod 1000).

We will shortly prove these rules for all moduli n.

The above result on products modulo 1000 has an amusing application.
A beginning mind reader asks a person to think of a number from 1 to 999,
multiply it by 143, and state the last three digits of the answer. Once this is
done, the mind reader promptly states the original number used and explains
that being a beginner, he needed to make the person concentrate on his
original number and hence the multiplication by 143. On the other hand,
he did not want the audience to think that he was merely able to rapidly
divide by 143, and hence he asked for only the last three digits of the answer.

The “mind reader” is of course no such thing. He simply takes the three-
digit number given to him and multiplies by 7. The last three digits of the
answer gives the original number. For instance, if 492 is the number thought
of originally, then the last three digits of 492 - 143 (= 70 356) are 356. The
product of 7 and 356 is 2492, the last three digits of which give the original
number. The only remaining question is: Why does this work?
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The trick is based on the fact that
7-143 = 1001.

If x isany three-digit integer, then 1001 x is simply two copies of x, for instance
1001 - 492 = 492 492. The whole process of multiplying by 143, taking the
last three digits and multiplying by 7, and taking the last three digits reduces
to the process of multiplying by 1001 and taking the last three digits, thus
getting the original number. In terms of congruences, we wish to find a three-,
two-, or one-digit number, x. We are told only that a given number b consists
of the last three digits of 143x. Thus we are given the congruence

143x = b(mod 1000).
Clearly,
7 = 7(mod 1000);

we may multiply these congruences together and get

7-143x = 7h(mod 1000),

or
1001x = 7b(mod 1000).
Since
1001 = 1(mod 1000)
and
x = x(mod 1000),
we see that

1001x = x(mod 1000)
and therefore
x = 7b(mod 1000).
This says that the last three digits of 7b and the last three digits of x agree.
Since x has at most three digits, the last three digits of 7b give x completely.

What the “mind-reading” trick really boils down to is solving the con-
gruence equation

143x = b(mod 1000)

for x. We will look into such problems later in the chapter.



54 NUMBER THEORY

EXERCISES

1. True or false? 17 = 2(mod 5), 14 = —6(mod 10), and 97 = 5(mod 13).

2. Verifythat3-5 = 3-13(mod 4),7-18 = 7(—2)(mod 10),and3-4=3-14
(mod 6).

3. Which of the following are valid? 5 = 13(mod 4), 18 = —2(mod 10), and
4 = 14(mod 6).

Problems 2 and 3 combined show that the assertion “If ab = ac(mod n),
then b = ¢(mod n)” is not always correct, even ifa £ 0.

4. Finda ifa =97mod7)and 1 <a < 7.

5. Find a if a = 32(mod 19) and 52 < a < 70.

6. Show that, modulo 1000, adding 999 to a number is the same as sub-
tracting 1.

7. Prove that if a = b(mod n), then a + ¢ = b + ¢(mod n).

8. Prove that if ¢ = b(mod n), then ac = be(mod n).

9. Why did we restrict a and b to be positive integers when we said that
“a = b(mod 1000) if and only if the last three digits of ¢ and b are the
same”’?

10. At 5p.Mm. (Eastern Standard Time), Dec. 7, 1967, how many hours had
passed (mod 24) in New York City since the beginning of the century?
11. If nis positive, show that n|¢ if and only ifa = 0(mod n).

3.2. Fundamental Properties of Congruences

Theorem 3.1. Let n be a positive integer. For all integers a,
a = a(mod n).

If @ = b(mod n), then b = a(mod n). If @ = b(mod n) and b = ¢(mod n),
then a = ¢(mod n).

Proof. Since n|0, a = a(modn) by definition. If a = b(mod n), then
nl(@ — b). Thus n divides (— I)(a — b) = (b — a) and therefore b = a(mod n).
Finally, if a = b(mod n) and b = ¢(mod n), then n|(a — b) and n|(b — o).
Therefore, n divides the number

@a—-b+b-c)=a—-c

and hence a = ¢(mod n). A

Theorem 3.1 is analogous to the corresponding result for equalities. It will
be used in many ways usually without specific mention. For example,
because of Theorem 3.1, we may write something like

a=b=c=d=e¢=f(modn)
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and immediately infer that ¢ = f(mod n). As another example, this theorem
1s the justification for the inference

*“1001x = 7b(mod 1000) and 1001x = x(mod 1000);
therefore, x = 7h(mod 1000),”

which was used in Section 3.1.

Theorem 3.2. Ifu = b(mod n) and ¢ = d(mod n), then
a + ¢ =b + dimod n), a — ¢ =b — dimod n), ac = bd(mod n).

If « = b(mod n), then for all ¢,
a+c¢=b+ cmodn), a—c=b— cimodn), ac = bc(mod n).

Proof. Since
@+a-0b+d)= (a-b+ (c—4d),
@-0-b-d=@-b- (-d,
ac — bd = cla — b) + b(c — d),

the first part of the theorem follows from Theorem 1.2 and the definition of
congruence. By Theorem 3.1, ¢ = ¢(mod n) for all ¢, and thus the second part
of the theorem is a special case of the first part. A

We illustrate Theorem 3.2 by solving the following word problem. The
town of Anyplace, U.S.A., derives its principal income from fines paid by
nonresidents cited for speeding while passing through town. Mr. Storer, who
as a boy was cited for bicycling down Main Street at 100 miles an hour, finds
to his horror that he must go to Anyplace every seven months on business
starting in October. Thus it occurred that every seven months beginning in
October, Mr. Storer received a speeding citation. The first citation came in
October, the second in the following May, the third in December, and so on.
Which were the first two citations in the series that were received in January?

We assign the numbers 1,2, 3,..., 12 to the months January, February,
March, ..., December, respectively. October is assigned the number 10 and
January the number 1. Thus we wish to find x, where

10 + 7(x — 1) = I(mod 12)

(the expression on the left is not merely 10 + 7x, since the first citation,
rather than the zeroth, occurred in the tenth month of the year). Hence

(1) 7x = —2(mod 12).
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If we subtract (1) from the obviously true congruence,
12x = O(mod 12),

we get
(2} 5x = 2(mod 12).
Subtracting (2) from (1) gives
3) 2x = —4 = 8§(mod 12).
Doubling (3) gives

4x = 16 = 4(mod 12),
and if we subtract this from (2) we see that

x = —2 = 10(mod 12).
Therefore,

x =10 + 12k;

the first two positive values of x that result are x = 10 and 22. These values
satisfy the original equation and hence the first two citations received by
Mr. Storer in the month of January were the tenth and twenty-second of the
series.

The reader has possibly noticed that we had the opportunity to divide
both sides of (3) by 2. Such a division would have given us the incorrect
result

x = 4(mod 12).

The conditions under which one can divide both sides of a congruence are
given in the next theorem.

Theorem 3.3. If (a,n) = | and ab = ac(mod n), then b = c¢(mod n). More
generally, if (a,n) = d and ab = ac(mod n), then b = c(mod n/d).

Proof. Suppose that (a,n) =d and ab = ac(mod n). Then there is an
integer k such that
4) ab =ac + kn.
Let

a = n =
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these numbers are integers and
(ay.ng) = (

) _ .
We divide (4) by d and get
(5) ayb — ¢) = kn,

QU S

4
d?

and thus a|kn,. Since (a,,n,) = 1, a,|k by Theorem 2.6. Thus there is an
integer k, such that k = u,k,. It follows from (5) that

b—c¢= k|n|
or, in other words, n,|(b — ¢). Therefore, by definition,
b = ¢(mod n,). A

There is another very important fact about congruences that we shall
prove here. We first prove that any integer is congruent modulo n to exactly
one of the numbers 0,1,2,...,n — 1. We show this as follows. Given an
integer a, the division algorithm says that we may write it in the form

a=qn+r, 0<r<n.
Thus
a=qgn+r=q-0+r=r(modn)

and hence a is congruent, modulo n, to at least one of the numbers
0,1,2,...,n — 1. Suppose that r, and r, are two different integers in the
range 0, 1,...,n — | and that

a = r;(mod n), a = ry(mod n).
We may as well assume that r; > r,. We see that
r, = ry(mod n)
and hence
n|(ry — rsy).
But

O<r,—r,<(n—-1)—(0) <n;

thatis, r, — r, is a positive number less than n. As such, it cannot be divisible
by n and therefore a cannot be congruent to two different numbers in the
range 0 to n — 1. Thus each integer is congruent (mod n) to exactly one of
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the numbers 0, 1,...,n — 1, as stated. The numbers 0, 1,...,n — | give one
example of a complete system of residues (mod n).

Definition. A set of n integers, a,, d,, ..., d,, is called a complete system
of residues (or a complete residue system) (mod n) if every integer is con-
gruent (mod n) to exactly one of the a;’s.

The reason for restricting the definition to n integers is that if the set
a;,ds,,...,dq, has the properties of the definition, then n = r. This is easy to
show and is left to problems 17 and 18 at the end of the section. Note that
for a complete residue system (a)), if j # k, then a; # a,(mod n), as otherwise
a; would be congruent (mod n) to two members of the system: itself and ;.

Theorem 3.4. Any set of n consecutive integers is a complete residue
system (mod n).

Proof. We have already seen that the set 0,1,2,...,n — | 1s a complete
residue system (mod n). Let b be the first of n consecutive integers which are
then given by b,b + 1,b + 2,..., b + n — 1. Given an integer q, there is, by
the definition of a complete residue system, an integer j in the range
0 <j < n — 1 such that

a — b = j(mod n).

Therefore,

a = b + j(mod n)

and hence any integer is congruent to at least one of the numbers
b,b+ 1,...,b + n — 1. Suppose that j, and j, are different integers in the
range 0 < j < »n — 1 and there is an integer « such that

a =b + j(mod n), a =b + j,(mod n).
Then

a — b = j(mod n), a — b = j,(mod n)
and thusa — bis congruent (mod n) to two distinct members of the complete
residue system (mod n), 0, 1,2,...,n — 1, which is impossible. Hence every

integer is congruent (mod n) to exactly one of the n integers b,b + 1,...,
b + n — 1;thissetis therefore a complete system of residues (mod n). A
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The most commonly used complete systems of residues (mod n) are the
sets

0,1,2....,n—1;
1,2,3,...,n;
and when n is odd,

— 1 1 _ _
n—l o -l . n—1
2 2 2 2

This last set is often given (for odd n) as the set of all integers j with the
property that

N
I < 5
(for example, when n = 5, the numbers jsuch that|j| < 3are —2, —1,0, 1, 2).

The fact thatthenumbers 0, 1,...,n — | give a complete system of residues
(mod n) says that any combination of sums, differences, and products of
these numbers is congruent (mod n) to a unique integer of the system. This
leads to the concept of arithmetic (mod n) or, as it is sometimes called,
modular arithmetic. Figures 3.1 and 3.2 show the tables for addition and
multiplication (mod 5) and (mod 6), respectively.

It follows from Theorem 3.2 that many of the usual laws of arithmetic are
valid for arithmetic (mod n). For instance, the law

alb + ¢) = ab + ac

:x\b‘ 0o 1 2 3 4 N 0 1 2 3 4
010 1{2%4} o o]0 ololo
s ]alo Co 23 a
sl s a0 > o la el
s l3lalol 1|2 30030 4%2
slalol 1] 213 alolals 211

 utbmods)  abimods)

Figure 3.1. Arithmetic (mod 5).
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Nloo1 2 3 4 s Nloor 2 3 a4 s
0 0 | 2 3 | 4 ? ”6 0 010 0 0 0
i li 2 3 4 5 0 | 7;) | 2 3 4 5 i
2 | 2 3 4 5 0 1\ 2 0‘ 21410 2 | 4
3 7_3 4 5 ‘ 0 7 | 2 . 3 70 ""‘3“* 0 ] 3 V 70 177
4 | 47 5 0 i | 2 3 7 4 | OilF 4 ; 0 4 2
5 7;‘ 0 | . 27 3 47 5 0 L57 i 4 | 3 72 7117
a‘ + bimod 6) o o ub(m_od 6)
Figure 3.2. Arithmetic (mod 6).
becomes
6) alb + ¢) = ab + ac(mod n).

The reason that this is not an utter triviality in arithmetic (mod n) is that the
numbers b + ¢, ab, ac found by the arithmetic (mod n) tables are, as likely
as not, different from the usual sums and products. Thus (6) becomes a
statement of the fact that when a(b + ¢) is reduced (mod n) in two different
ways to the complete system of residues O, I, ..., n — 1, the results are the
same. For example, by Figure 3.1,

34 + 4) = 3(3) = 4(mod 5),
3-4+3-4=2+ 2 =4(mod5).

We may put arithmetic (mod ») to another use. For example, we see in
Figure 3.1 that the numbers 02, 12,22, 32, and 42 are congruent (mod 5) to
one of the numbers 0, 1, and 4. Since the numbers 0, 1, 2, 3, and 4 give a com-
plete system of residues (mod 5), every integer squared is congruent to either
0, 1, or 4 (mod 5). Thus, although there are infinitely many perfect squares,
none of them leave the remainder 2 or 3 when divided by 5!' It is not un-
common to find people who think that five verifications surely proves the
theorem. Here it has actually happened.

The next theorem has many applications. We give a few of the more
interesting applications immediately after its proof.

! This is not to be interpreted as five factorial (there would then be a period following
the exclamation mark).
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Theorem 3.5. Let f(x) be a polynomial with integral coefficients. If
a = b(mod n), then

J(a) = f(b)(mod n).
Proof. Let

1

Sy =ax* +ap_ X'+ -+ a;x + a,,

where ag.dq. ..., a, are integers. Then by Theorem 3.2,

Kl r o+ ag=abt + g B+ - + ag(mod n);

ad + a,_a
that is,
fla) = f(b)(mod n). A
Asour firstapplication of Theorem 3.5, we show that there isno polynomial
f(x) with integral coefficients and degree >1 such that f(q) is a prime for
all integers a. Let

1

f(x)=ax* +a,_;x* '+ - + ag,

where ag,a,,...,a, are integers and a, # 0. If ¢, > 0, then f(x) > + o0 as
x — + o, while if a, <0, then f(x) > —o as x > + . Since the word
prime has been defined to mean positive, we let ¢, > 0. The same proof
would show that if ¢, < 0, we do not always get negative primes. Since
f(x) - o as x — oo, we can take the integer a sufficiently large to ensure
that

n=fl)>1.

Just because we have used the letter n does not mean that »n is not a prime.
Let j be so large that
Sla + jn) > n;

this is again possible since f(x) » 20 as x — co. But
a + jn = a(mod n)
and hence, by Theorem 3.5,
fla + jn) = f(a) = n = 0(mod n).
Thus
nlfla + jn),

and since
I <n< fla+jn),

f(a + jn)is not a prime.
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As another illustration, we show that every positive integer is congruent
to the sum of its digits (mod 9). Let n > 0 have the decimal representation

n=ua, 10" +a,_,- 10"+ +4a,-10 + aq,

where for all j, 0 < a; < 9; the numbers «,, ..., g, are thus the digits of the
number n. Let

1

fx) =ax* +a X'+ +ax + ag.

Theorem 3.5 says that
J(10) = f(1)(mod 9);
that is,
n=d,+d,_; + -+ dp(mod9),
which was to be shown. For example,
139854872 =1+3+9+8+5+4+8+7+2

47=4+7=11=1+1=2mod9).

Usually one does not actually sum the digits of n as we did above, but rather
one sums them (mod 9). In particular, one may neglect any 9’s that show up
or any combination of numbers that add up to 9. In the above calculation,
for example, one may ignore the 9, the 8 and |, the 5 and 4, the 7 and 2; only
the digits 3 and 8 are left, their sum is 11 which is congruent to 2(mod 9).
It is because we may ignore 9’s that this result goes by the name ‘“*casting
out nines.”

The process of casting out nines serves as a partial check on the arithmetic
operations of addition, subtraction, and multiplication. For example, if we
wished to check the claim that

147% = 21 509

we would cast out the nines in 147 and 21 509
147=1+ 4+ 7 = 3(mod9),
147? = 32 = 0(mod 9),

but
20509 =2+ 1+5+0+9=8mod9).

Therefore, 1472 # 21 509. The method is not foolproof; casting out nines
would not have disproved the absurd claim that 1472 = 18. In fact, one out
of every nine integers is congruent to 1472(mod 9). Thus, speaking very
loosely, casting out nines will find 8 of 9 errors.
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Asa lastillustration of Theorem 3.5, we present a process that is sometimes
called *‘casting out elevens.” Let the decimal representation of a positive
integer n be

n=a.- 10" +a,_,- 10"+ - +4a,-10 + q,,

where the numbers a, ..., a, are the digits of n and are in the range 0 to 9.
Let

fxX)=ax* +a,_ X" '+ 4+ a;x + ag.
Then
J(10) = f(—=1)(mod 11);
that is,
n=(—=fa, + (=1 "'a,_, + - +a, —as +a, —a, + ag(mod 11).

In words, we add the units, hundreds, ten thousands, ..., digits of n and
subtract from this the sum of the tens, thousands, hundred thousands, .. .,
digits of n. The result is congruent to n(mod 11). For example,

37147289 =9 +2+4+7) -8+ 7+ 1 + 3) = 3(mod 11).

The casting-out-elevens process also serves as a partial check on the
arithmetic operations of addition, subtraction, and multiplication. For
example, in the supposed equality

147% = 21 509,
we find that
147 =7 — 4 + 1 = 4(mod 11),
1472 =4>=16 =6 — 1 = 5(mod 11),
while
21509 =09 +5+2)— (0 + 1) = 4mod 11).
Thus

1477 # 21 509.

Here again the method of casting out elevens is not foolproof, but, loosely
speaking, it will discover 10 of 11 errors.

EXERCISES
1. Show that if a = b(mod n) and d|n, then a = b(mod d).
2. Show that if @ = b(mod n) and ¢ > 0, then ac = bc(mod nc).
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. Use Figure 3.2 to calculate 4-(2-5) and (4-2)-5 (mod 6).
. Construct the tables for addition and multiplication (mod 7) correspond-

ing to Figures 3.1 and 3.2.

. Show that a perfect square is congruent to either 0 or 1 (mod 4).

. Show that a perfect square is congruent to either 0, 1, or 4 (mod 8).

. Show that for all n, n* = n(mod 3).

. Show that if 5¢n, then n* = 1(mod 5).

. We did not prove that if ¢ = b(mod n), then ¢* = c¢b(mod n). Let ¢ = 2,

n=7a=2b=9,and show that for these values, ¢* # ¢®(mod n), thus
disproving such a result.

Show that the prime numbers split up into the three classes: 2, those
primes congruent to 1(mod 4), and those primes = 3(mod 4).

Show that every prime number is in one of the six classes:
2,3,p = l(mod 12), p = 5(mod 12), p = 7(mod 12), and p = 11(mod 12).
In 1825 Gauss gave the following construction for writing a prime
congruent to 1(mod 4) as the sum of two squares: Let p = 4k + 1 be
a prime number. Determine x (this is uniquely possible by Theorem
3.4) so that

_ (k!
Y =2k

(modp),  |x < g.

Now determine y so that

y=x-(QKlmodp) Iy <?.

Gauss showed that x? + y*> = p. Verify Gauss’s result for p = 5 and
p =13

Find all the possible values of the sum of two squares (mod 4). Use your
result to show that 4926 834 923 is not the sum of two squares.

. There is reason to believe (but it has never been proved) that there are

infinitely many primes which are the sum of the squares of three different
prime numbers (the smallest example is 83 = 3% + 5% + 7%). Let
p = p? + p3 + p3, where p, p,, p», and p; are primes. Use congruences
(mod 3) to show that one of the three primes p,, p,, and p; is, in fact, 3.

. Suppose that m > 0. Show that 17|(3-52"*! 4 23"*!), [Hint: Use

congruences (mod 17). A further hint is given in the answers at the back
of the book.]

Suppose that m > 0. Show that 49|(5-3*"*2 + 53.25m),

Given m integers where m > n, show that two of these integers must be
congruent (mod n). (Hint : Any integer is congruent to one of the numbers
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0,1,...,n — 1; show that two of the m integers are congruent to the
same thing and hence to each other.)

. Given m integers where m < n, show that there is an integer in the range

0, 1,...,n — 1 which is congruent to none of the given integers.

Show that if n is a positive integer with two or more digits, then the sum
of the digits of n is less than n. This shows that the process of casting out
nines ultimately leads to a single digit.

Show that an integer is divisible by 9 if and only if the process of casting
out nines leads ultimately to 0 or 9.

Show that an integer is divisible by 3 if and only if the process of casting
out nines leads ultimately to 0, 3, 6, or 9.

Show that an integer is divisible by 11 if and only if the process of casting
out elevens leads ultimately to 0.

Let n = a,- 10 + a, - 10 + a,. Show that n = ay + 3a, + 2a,(mod 7)
and use this result to find criteria for divisibility of a three (or less)-
digit number by 7.

It 1s a fact that 23 538 = 38 + 35 + 02 = 75(mod 99). Prove the result
that this suggests. The result could well be called *‘casting out ninety
nines.” [Hint: Inthecase of 23 538, therelevant polynomialisf(x) = 2x? +
35x + 38 with f(100) = f(1) (mod 99).]

Show that a number is divisible by 11 if and only if the casting-out-
ninety-nines method of the previous problem ultimately gives either 0
or a two-digit number with both digits equal.

It is a fact that 4 176204 105 = 105 — 204 + 176 — 4 = 73(mod 1001).
Prove the result that this suggests; we shall call it ““casting out one
thousand and ones.”

Suppose that the method of casting out one thousand and ones of the
previous problem ultimately reduces n to the three (or less)-digit number
m. Prove that 7|n if and only if 7|m. Prove that 11|n if and only if 11|m.
Finally, show that 13|n if and only if 13|m. [t may be useful to know that
1001 =7-11-13.

In the proof that a polynomial of degree greater than or equal to one
never gives only primes, where did we use the fact that the degree is
greater than or equal to one? [We had better have used it someplace ;
the result is not true for polynomials of degree zero, for example,
J(x) = 3]

Show that for infinitely many n, 43|(n®> + n + 41).

What is involved in checking an arithmetic operation (mod 10)?

Show that if a,,...,a, have the property that no two of them are con-
gruent (mod n), then they form a complete residue system (mod n).

Find («,26) given that ¢'® = 10(mod 26).
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33. Show that if n* + 2 and n? — 2 are both primes, then 3|n.

34. The polynomial x? + 1 cannot be factored. Does this contradict the
fact that not all numbers of the form n? + 1 are primes?

35. Under the present calendar system, every fourth year is a leap year.
There are three exceptions to this rule every 400 years. If a year number is
divisible by 100, then it is a leap year if and only if it is divisible by 400.
Thus 1800, 1900, 2100 are not leap years, but 2000 is a leap year. The
beginning of the twentieth century, January 1, 1900, was a Monday.
Show that although Sunday begins every week, it will never begin a
a century.

36. Show that anybody born between 1901 and 2071 will celebrate his
twenty-eighth birthday on the same day of the week as the day he was
born.

3.3. Linear Congruence Equations

An equation of the form
7) a\x, + a,x, + --- + ax, = b(mod n),

with unknowns x,, ..., x,, is a linear congruence equation in k variables. A
solution to this equation is a set of integers which satisfies the equation. The
definition of congruence shows that equation (7) is equivalent to the Dio-
phantine equation

8) a\ Xy + azx, + -+ ax, — hxgy, =b

with £ + | unknowns. Equation (8) either has no solutions or it has infinitely
many. Thus the same is true of (7). In the case that k = 1, we know exactly
how to find the solutions to (8) (when they exist) and hence (7). In dealing
with (7), we wish to know how many solutions there are (mod n). By this we
mean that two different solutions of (7) are the same (mod n) if the different
values of x; are congruent (mod n) for all j. Thus we say that the solution
x=1y=22z=3to

X+ y+z= —1(mod7)

is the same (mod 7) as the solution x =8, y = —35, z = 17 but different
(mod 7) from the solution x = 1, y = 3, z = 2. In particular, when there is
only one solution to (7) (mod n), we say that the solution is unique (mod n).

Theorem 3.6. The equation
9) ax = b(mod n)
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has solutions if and only if d|b, where d = (a,n). If d|b, then the solution is
unique (mod n/d). If (a,n) = 1. then (9) always has a solution and it is unique
(mod n).
Proof. If x = x; 1s a solution to (9), then there is an integer y, such that
axg = b + nyy;
that is, the equation
(10) ax —ny=b
has a solution. If x = x4, y = y, 1s a solution to (10), then
axy = axy — hyy = b(mod n),

and thus (9) has a solution. Therefore, (9) has solutions if and only if (10) has
solutions and further, any solution for x in (10) gives a solution for x in (9).
By Theorem 2.18, (10) has solutions if and only if d|b. Thus (9) has solutions
if and only if d|b. Suppose that d|b, so that (10) has a solution. Let x = x,,
y = yo be a solution to (10). By Theorem 2.18, every solution of (10) is then
of the form

n a
x=x0+t—J, y=,"o+t2,

where ¢ is an integer. Thus every solution to (9) is of the form
+ tn
X =X —.
¢ d
Since

+zn dn
X - = Xp|mod
L d

)

we see that all solutions to (9) are congruent to x,(mod n/d) and hence the
solution to (9) is unique (mod n/d). The last statement of the theorem follows
from the first two. A

We developed a systematic process in Chapter 2 for solving (10) and as a
result (9). Usually, one can shortcut the Euclidean algorithm by taking
advantage of situations as they arise. If in (9), d = (a,n) > 1, then it is best
to divide everything through by d using Theorem 3.3. We are then left with
an equation of the same type as (9) but with (q,n) = 1. We give several
illustrations. The equation

14x = 13(mod 21)
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has no solutions since (14,21) = 7 and 7./ 13. We now solve the equation
(1) 9x = [5(mod 21).

Here (9,21) = 3 and 3|15. Thus the equation will have a unique solution
(mod 7). We first divide everything by 3, by Theorem 3.3,

3x = 5(mod 7).
Therefore,
3x=5+7=12(mod 7)
and since (3,7) = 1, Theorem 3.3 says that
(12) x = 4mod 7).

The original equation was (mod 21); we may wish to know the solutions
(mod 21) also. This is easily done. In any complete residue system (mod 7),
there is a unique solution to (11) and it can be found from (12). Thus in
the set 0,1,2,3,4,5,6, x = 4 is the unique solution to (11); in the set
7,8,9,10,11,12,13, x = 11 is the unique solution to (11); and in the set
14,15, 16,17, 18, 19, 20, x = 18 is the unique solution to (11). These three
sets combined give a complete residue system (mod 21). Thus there are 3
solutions to (11) (mod 21). They are

(13) x = 4, 11, 18(mod 21).

Equations (12) and (13) are two ways of saying the same thing. In like
manner, the equations

x = 7(mod 8), x =7, 15,23, 31, 39(mod 40)
are equivalent. In general, the congruence
x = a(mod n)
has the m solutions (mod mn) given by
x=a,a+na+2n...,qa+ (m— ln(mod mn).

Let us illustrate the systematic and nonsystematic ways of solving the
equation

(14) 8x = 7(mod 13).

The systematic method involves using the Euclidean algorithm to find
(8, 13). All x satisfy

13x = 13(mod 13).
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Subtracting (14) from this gives
(15) 5x = 6(mod 13).
Subtracting this from (14) gives
(16) 3x = I(mod 13).
Subtracting this from (15) gives

2x = 5(mod 13).
Subtracting this from (16) gives

= —4 = 9(mod 13).

We already know that (14) has a unique solution (mod 13); this must be it.
In contrast to the systematic method, the nonsystematic methods usually
take advantage of the possibility of dividing both sides by common factors.
When the coefficient of x is small, it is usually possible to arrange for a
common factor by inspection. This is what we did in deriving (12). As another
example, (14) may be written

8x =7 + 13 = 20(mod 13)
and, since (4,13) = 1,
2x =5=5+ 13 = 18(mod 13)
and thus, since (2,13) =1,
x = 9(mod 13).

The unexpected may naturally occur when one proceeds in a nonsystem-
atic manner. The following example is particularly instructive. Since
(7,39) = 1, the equation

(17) 7x = 22(mod 39)
has a unique solution (mod 39). Subtracting equation (17) five times from
39x = O(mod 39)
gives
4x = —110 = — 110 + 3-39 = 7(mod 39).
We subtract this from (17) and get
(18) 3x = 15(mod 39).
Here we have the opportunity to divide both sides by 3. But since (3,39) = 3,
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Theorem 3.3 says that the result is not necessarily

x = 5(mod 39)
but only

x = 5(mod 13).
This is equivalent to
(19) x = 5,18, 31(mod 39).

We seem to be claiming that (17) has three solutions (mod 39) instead of a
unique solution as guaranteed by Theorem 3.6. Of course, this is not true.
We have merely shown that if x is a solution to (17), then x satisfies (19) also.
Thus two of the ““solutions’” in (19) will be extraneous solutions that will not
satisfy (17); the other will be our desired solution. In this instance,

x = 31(mod 39)

is the correct solution; the obvious x = 5(mod 39) is not a solution and
neither is x = 18(mod 39).

What has happened above is not that unusual in mathematics. It is very
easy to get extraneous solutions to equations. For example, we may solve
the equation

(20) Vx4 x—2=2
by successive squarings:
x + \/x —2=4,
\/x —2=4—x,
x—2=16 — 8x + x2,

x2 —9x + 18 =0,

(x=3)x -6 =0,
(21) x =3,6.

Again, we have not shown that x = 3 and x = 6 are solutions to (20) but
only that if x is a solution to (20), then x = 3 or x = 6. Infact, x =3 isa
solution to (20) while x = 6 leads to \/§ = 2, which is absurd. Thus x = 6
is an extraneous solution to (20) (which is a kind way of saying that it is not
a solution at all). One should always check one’s answer with the original
problem. There are times when it is legal (but not advisable) to sidestep the
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checking procedure. Sometimes an existence theorem (such as Theorem 3.6)
will tell you that a certain equation has a unique solution ; then if you find
only one possibility, you know that you have indeed found the unique
solution—assuming you made no arithmetic mistakes.

We will now discuss the subject of several equations in one unknown.
Sometimes they are inconsistent, as in the two equations

x = 2(mod 4), x = 1(mod 6).

The first equation requires x to be even while the second requires x to be odd,
and thus there is no common solution to both equations. Another way we
can see the inconsistency of the two equations is to look at them both (mod 2)
[a congruence (mod mn) is also a valid congruence (mod n)]. Then we see
that a common solution satisfies both

x = 2(mod 2), x = I(mod 2),

which is false since 2 # 1(mod 2).
There are other times when two such equations do have a common
solution. For example, consider the equations

x = 2(mod 4),
(22)
x = 3(mod 5).
which have the common solution x = — 2. Let us find all the solutions of (22).

The first equation is satisfied by x if and only if
x =2 + 4t,
where t is an integer. We put this in the second equation and get
(23) 2 + 4t = 3(mod 5),
4t = 1{mod 95),
t = —1 = 4(mod5).

—t

Equation (23) has a unique solution (mod 5), this is the only possibility and
hence is the unique solution to (23). Thus t is a solution to (23) if and only if
t can be written

t =4 + 5k,

where k is an integer. Thus x satisfies both of equations (22) if and only if
there is an integer k such that

x =44 + 5k) + 2 = 20k + 18.

[It is easily seen that this really is a solution to both of equations (22).] The
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common solution to equations (22) is unique (mod 20). The situation in (22)
is perfectly general.

Theorem 3.7. If (m,n) = 1, then the equations

x = a(mod m),
(24)
x = b(mod n)

have a unique common solution (mod mn).

Proof. An integer x satisfies the first equation if and only if there is an
integer t such that

(25) X =a + mt.

This satisfies the second equation if and only if

(26) mt = b — a(mod n).

Since (m,n) = 1, this last equation has a unique solution (mod n), say,
t = ¢(mod n).

Thus ¢ satisfies (26) if and only if there is an integer k such that
t=rc+ nk.

We put this in (25) and find that x is a common solution to equations (24) if
and only if
x =a + m(c + nk)

= (a + mc) + mnk.

Hence equations (24) have common solutions,a + mcis one, and all solutions
are congruent to a + mc(mod mn). Thus the common solutions to (24) are
unique (mod mn). A

Theorem 3.7 is a special case of a more general result which was known to
to the ancient Chinese.

Theorem 3.8 (Chinese Remainder Theorem?). Let my, ..., m, be positive
integers which are relatively prime in pairs. Then the k equations

x = a,(mod m,)
27) :
x = a,(mod my)

have a unique solution (mod m;m, - - - my).

2 More rarely known as the Formosa Theorem.
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Proof. We use Theorem 3.7 (k — 1) times. By Theorem 3.7, the first two
equations have a unique solution (mod m,m,); let this solution be given by

(28) x = b,(mod m;m,).
The third equation is
(29) X = az(mod mj).
By hypothesis,
(my,m3) = (my,m;) =1
and therefore, by Theorem 2.7,
(mymy,m;) = 1.

We can now apply Theorem 3.7 to (28) and (29). There is a unique solution
to (28) and (29) (mod m;m,m;); in other words, there is a unique solution
to the first three equations of (27). Let that unique solution be

(30) x = bs(mod m;m,m;).
Consider the fourth equation of (27),
(31 x = du(mod my).
Since
(my,my) = (my,my) = (my,my) = 1,
we see that
(mmomy,my) = 1.

Thus there is a unique solution to (30) and (31) (mod m m,m;m,) and it is
the unique solution to the first four equations of (27). We continue in this
manner. After (k — 1) applications of Theorem 3.7, we will arrive at the fact
that there is a unique solution (mod m;m, - - - m) to

X = bk, l(mod mmy;---m,._ |)
and
x = a,(mod my);

this solution also provides the unique solution (mod m;m, ---m,;) to the k
equations in (27). A

If for each j, we restrict u; to the range from 0 to m; — 1, then the existence
part of the Chinese remainder theorem may be putin the form;ifm,,..., m,
are pairwise relatively prime, then there exists an integer x such that for each
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j(j =1,2,...,k), x leaves the remainder a; when divided by m,. This explains
the name of the theorem. (It also explains how a theorem about congruences
could be known before congruences were invented : we have merely put an
old theorem in modern form.)

The reader is no doubt wondering why we restricted our attention in
Theorems 3.7 and 3.8 to equations having the coeflicient of x equal to one.
Consider the set of equations

(32) a,x = b (modn,),...,ax = bimod n,).

If there is a common solution, then cach equation is individually solvable.
This means that d|b,, where d, = (a;, n)), and this is true for i = 1, 2, ..., k.
We know what the solutions to the individual equations of (32) look like,

x = ¢ (mod m,),...,x = ¢,(mod m,)
where the m; are given by the formulas

ny
Laomy = -

m; =
d,

_Al
d.’
Thus if for all i, d||b, and if the numbers m,, ..., m, are relatively prime in
pairs, then equations (32) have a unique common solution (mod m m, - - - m,).
Thus Theorem 3.8 is sufficient for the theoretical purpose of proving that
under certain conditions, (32) has a unique solution (mod mm, - - - m;). When
actually solving a specific problem, it is a complete waste of time to first
solve each of (32) individually and then find the common solution. It takes
only half the work to simply solve the first equation of (32), put the solution
of the first equation into the second equation of (32) and solve, put the
common solution of the first two equations in the third, and so on.

We now touch briefly on the subject of linear congruence equations with
more than one unknown. We will content ourselves with examining the
simplest case of two equations and two unknowns ; the result, however, will
be very useful in Chapter 4.

Theorem 3.9. Suppose (¢f — de, n) = 1. Then the equations
(33) cx + ¢y = a(mod n),

dx + fy = b(mod n)
have a unique common solution for x and y(mod n).

Proof. Let us suppose that there is a solution to (33) and attempt to find
it. We multiply the first equation by f, the second equation by ¢, and subtract ;
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the result is
(34) (¢f —de)x = af — be(mod n).

We multiply the first equation by d, the second equation by ¢, and subtract
the first from the second : the result is

(35) (¢f — de)y = be — ad(mod n).

Since (¢f — de,n) = 1, Theorem 3.6 says that there is a unique x(mod n)
satisfying (34)and a unique y(mod n)satisfying (35). Hence if there is a solution
to (33), it is unique (mod n).

Unfortunately, the fact that (34) and (35) have solutions does not mean
that the original equations (33) have solutions. It is clear how we should
proceed, however. We take the solutions to (34) and (35) and show that they
do satisfy (33). There is a slight hitch in this. We cannot just divide both sides
of (34) and (35) by (¢f — de), because we have not defined congruences for
rational numbers.” But we can find an integer which does the same job
(mod n) as 1/(cf — de). Since (¢f — de, n) = 1, Theorem 3.6 says that there is
an integer : such that
(36) z(cf —de) = 1(mod n).

We use the integer z to solve (34) and (35). If x and y satisfy (34) and (35), then

. x = z(¢f — de)x = z(af — be)(mod n),

G0 y = zlef — de)y = z(b¢ — ad)(mod n).

Now we can verify that (33) does have solutions. Let x, y, and z be given by
(36) and (37). Then

cx + ey = czlaf —be) + ez(be — ad)(mod n)

= czaf — ezad (mod n)
= az(cf — de) (mod n)
=ua (mod n)
and

dx + fy = dz(af — be) + fz(be — ad)(mod n)
= —dzbe + fzbc (mod n)
= bz(¢f — de) (mod n)
=b (mod n).

31t may be useful to remind the reader that the solutions to two equations in two
unknowns with integral coefficients are usually not integers but only rational numbers.
Herc we are looking for integers which satisfy the equations (mod n).
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Thus there are integral solutions to (33); we have already shown that they
must be unique (mod n). A

EXERCISES
In problems 1-13, either find all integral solutions (all common integral
solutions, if more than one equation) or show that there are none.

14.
15.
*16.

17.
18.

19.

20.

21.

22.

XNV AL

. Solve: 5x = I(mod 7).
. Solve: 14x = 5(mod 45).
Solve: 14x = 35(mod 87).
Solve: 3x = 2(mod 78).
Solve: 6x = 10(mod 14).
Solve: 9x = 21(mod 12).
. Solve: x = 2(mod 3), x = 3(mod 4).
. Solve: x = 7(mod 9), x = 13(mod 23), x = 1(mod 2).

. Solve: 2x = 3(mod 5), 4x = 3(mod 7).

Solve: 6x = 8(mod 10), 15x = 30(mod 55).

. Solve: 5x + 4y = 6(mod 7), 3x — 2y = 6(mod 7).

Solve: 2x + 7y = 8§(mod 13), 5x + 10y = 7(mod 13).

Solve: x + 2y + 3z = I(mod 11), x + S5y + 6z = 3(mod 11),
x + 4y + 7z = 5(mod 11).

Find all solutions (mod 7): 3x + 4y = I(mod 7).

Find all solutions (mod 8): 3x + 7y = 2(mod 8).

Show that if (¢,n) = (b,n) = 1, then the equation

ax + by = ¢(mod n)

has exactly n different solutions (mod n).
Find all solutions (mod 6): 2x + 3y = 1(mod 6).
Find all common solutions (mod 12) (or show that there are none) to

4x + y = 6(mod 12), x + 4y = 2(mod 12).
Find all common solutions (mod 12) (or show that there are none) to
4x + y = 6(mod 12), x + 4y = 9(mod 12).

Find all positive integers less than 1000 which leave the remainder 1
when divided by 2, 3, 5, and 7.

A multiplication has been performed incorrectly, but the answer is
correct (mod 9), (mod 10), and (mod 11). What is the closest that the
incorrect result can possibly be to the correct result?

The following multiplication was correct, but unfortunately the printer
inserted an x in place of a digit in the answer

172 195-572 167 = 98 524 2x6 565.
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Determine x without redoing the multiplication.

23. Show that an integer is divisible by 4 if and only if the number left when
all digits other than the last two are eliminated is divisible by 4. Use
this rule to find conditions for divisibility by 12.

24. Show that every integer satisfies at least one of the following six con-
gruences: x = O(mod 2), x = O(mod 3), x = 1(mod 4), x = 1(mod 6),
x = 3(mod 8),and x = 11(mod 12).

25. Prove Theorem 3.8 by induction.

3.4. Reduced Residue Systems and Euler’s ¢ Function
We see from Theorem 3.6 that the equation
ax = 1(mod n)

is solvable (in integers) if and only if (a,n) = 1. The numbers that are relatively
prime to n have other interesting congruence properties. In this section we
single these numbers out for special attention.

Definition. Let S be a complete residue system (mod n). The set S’ con-
sisting of those members of S which are relatively prime to n is called a
reduced residue system (mod n).

If b = a(mod n), then we may write binthe form b = a + kn. By Theorem 2.4,
(h,n) = (a + kn,n) = (a,n).

Thusifa = b(mod n), then a is relatively prime to nifand only if bis relatively
prime to n.

Theorem 3.10. Let S’ be a reduced residue system (mod n). If (a,n) = 1,
then a is congruent (mod n) to a unique member of §'. If $” is another
reduced residue system (mod n), then S’ and S” have exactly the same
number of members and, in fact, if a,, ..., a, are the members of §’, then
the members of S” can be listed in such an order, say b,,..., b, that
a, =by,...,a, = by(mod n) [thatis, (mod n), S” is simply a rearrangement
of 8.

Proof. Let S be a complete residue system containing S’. By the definition
of S, there is a unique integer b in S such that
a = b(mod n).

Since (a,n) = 1, (b,n) = 1 also. Therefore, by definition, b is in S'. Since b is
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unique in S, it is certainly unique in S’. This takes care of the first part of the
theorem.

It follows from the first part of the theorem that each element of S” is
congruent to a unique member of S’. No two members of a complete residue
system (mod n) are congruent (mod n). Therefore, no two members of S” are
congruent (mod n) to the same member of S', and since different members of
S” are congruent (mod n) to different members of S', we see that S’ has at least
as many members as S”. But everything done thus far is equally valid with S’
and §” interchanged. Thus S” has at least as many members as S’. This
combined with the previous statement says that S” and S’ have exactly the
same number of members. Let k be the number of integers in each set. The
last part of the theorem is now clear: Since different members of S” are
congruent (mod n) to different members of S" and since each has k members,
the sets S’ and S” are the same (mod n) except for the order of the
elements. A

Definition. For n > [, let ¢(n) denote the number of integers in a reduced
residue system (mod n). [By Theorem 3.10, ¢(n) does not depend on which
reduced residue system (mod n) is chosen.] This function of n is called
Euler’s ¢ function. (It is also sometimes called Euler’s totient function.)

Itis interesting to note that although the function was invented by Euler, the
present notation was given by Gauss. The following theorem is often used
as the definition of ¢(n).

Theorem 3.11. If n > 1, then the number of positive integers which are
less than or equal to n and relatively prime to n is ¢(n).

Proof. The numbers 1,2,...,n form a complete residue system (mod n).
Thus the positive integers which are less than or equal to n and relatively
prime to n form a reduced residue system (mod n). Their number is thus
$(n). A

A few examples are shown in Figure 3.3 (we take as our complete residue
system (mod n), the numbers 1, 2, 3,.. ., n). Since (n,n) = n, we see that n is
in a reduced residue system (mod n) if and only if n = 1. Thus for n > 1,
¢(n) is the number of positive integers which are less than n and relatively
prime to n. Every positive integer less than a prime p is relatively prime to p
and hence

dlp)=p— 1
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n 1 2 3 4 5 6 7 8 9 10
A reduced 11 L2 L3 1,234 1,5 1,23, 1,3,57 1,2, 1,379
residue system 4,5,6 4,5,
mod (1) 7,8
) o2 2 4 2 6 4 6 4
Figure 3.3

The next theorem gives another simple property of numbers relatively
prime to n.

Theorem 3.12. Suppose (a,n) = 1. If the numbers a, ..., a, form a com-
plete residue system (mod n), then for all b the numbers aa, + b, ...,
aa, + b also form a complete residue system (mod n). If the numbers
a,...,dyumformareduced residue system (mod n), then so do the numbers
aa,...,aaq.

Proof. Since (a,n) = 1, by Theorem 3.6, there is an integer ¢ such that
ac = 1 (mod n).

Suppose that a,,...,a, gives a complete residue system (mod n). If d is an
integer, then there is a (unique) k such that

c(d — b) = a(mod n).
But then
d — b= acd - b) = aa,(mod n) or d = aa, + b(mod n).
If
d = aa; + b(mod n) and d = aa, + b(mod n),
then
c(d — b) = aca; = afmod n), cd — b) = aca, = a,(mod n),

which is false if j # k. Thus every integer is congruent to exactly one of the n
integers ad, + b,...,aa, + b, and thus this set is a complete system of
residues (mod n). If a,, . .., ayw form a reduced residue system (mod n), then
they are distinct elements of a complete residue system, and thus by the first
part of the theorem with b = 0, aay,...,da,, are distinct elements of a
complete residue system (modn). A reduced residue system has exactly
¢(n) elements; therefore, we need only show that each of the numbers
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aa,, ..., ddq is relatively prime to n and we will have found all ¢(n) elements
of a reduced residue system (mod n). Since (a,,n) = 1 for all k and (a,n) = 1,
we see from Theorem 2.7 that (aa,,n) = 1 for all k, k = 1,..., ¢(n). A

The preceding theorem has a remarkable consequence.

Theorem 3.13 (Euler’s Theorem; also known as the Euler-Fermat
Theorem). If (a,n) = 1, then a®" = 1(mod n).

Proof. Let a,,...,au, be a reduced residue system (mod n). Then the
numbers aa,,...,ad,, are also a reduced residue system (modn). By
Theorem 3.10, the numbers aa,, . .., aag,, are just a rearrangement (mod n)
of the numbers a,, ..., d,u), and thus the products of all the numbers in the
two systems are the same (mod n):

(38) (aa,)(aay) - - (aay,) = a,a; - aym(mod n).

Since each «, is relatively prime to n, it may be canceled from both sides
of (38). When we do this for each k, we are left with

a®™ = 1(mod n). A

Theorem 3.14 (Fermat’s Theorem; also known as the Little Fermat
Theorem). Suppose p is a prime. Then for all q,

a’ = a(mod p).
If pta, then
a’~!' = I(mod p).

Proof. When pla, both sides of the first congruence are congruent to
O(mod p) and hence congruent. When pfa, then the first congruence is a times
the second, and thus it suffices to prove that the second congruence is valid.
Since p is a prime, pfa is equivalent to (a,p) = 1. This combined with the
fact that ¢(p) = p — 1 makes this theorem a corollary of the previous
theorem. A

Historically, Fermat’s theorem was stated in 1640, and it was generalized
by Euler in 1760 to the form that if (a,n) = 1, then n|(a®™ — 1). A special
case of Fermat’s theorem is that if p is a prime, then

pl2? = 2).

The ancient Chinese knew this fact and also believed that the converse is
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true. The converse states that if n > [ and
nl(2" - 2),

then nis a prime. It is probable that the Chinese observed this experimentally
and never thought of proving their conjecture. In any event, they were
wrong. For example,

341](2%4 — 2),

even though 341 = 11-31. The theory of congruences makes it possible to
check this without having to find 2**' (a number of 103 digits). Since 11 is a
prime, Fermat's theorem says that

2'9 = 1(mod 11).
Therefore,
2A4l = 2(21())34 = 2(1)‘14 = 2(m0d 1])
and hence
11](2*4! = 2).
Also,

2° = 32 = I(mod 31)
and therefore
2% =2(2°)°% = 21)°* = 2(mod 31)
and therefore
31274 = 2).

Since 11 and 31 are relatively prime, their product divides (2**' — 2); that
18,
3411234 — 2),

Thus the ancient Chinese were wrong. In honor of their mistake, we say
today that a composite integer n such that

n(2" — 2)

is a pseudoprime. The first two pseudoprimes are 341 = 11-31 and
561 = 3-11.17. There are infinitely many pseudoprimes. In fact, there are
infinitely many even pseudoprimes, but they are harder to find. The first
known example of an even pseudoprime is

161038 = 2-73-1103,
which was found in 1950 by D. H. Lehmer.
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EXERCISES

1. Find a reduced residue system (mod 20) and give ¢(20).

2. Find a reduced residue system (mod 30) and give ¢(30).

3. Give two examples to show that when 2 is added to every member of a
reduced residue system (mod n), the result may or may not be a reduced
residue system (mod n).

4. Show that 561 = 3-11-17 is a pseudoprime.

. Show that, in fact, for all integers a, a*®' = a(mod 561).
6. Show that3® = —4(mod 31)and use this to show that 3'® = — 6(mod 31).
Use this result and Euler’s theorem to show that

w

334! # 3(mod 31)

and therefore

3341 =% 3(mod 341).

7. Find a composite number n such that n|(3" — 3). (Hint: There is such a
number less than 10.)

8. Show that if (¢,561) = 1, then a®° = 1(mod 561). [Note: Do not try to
find ¢(561), as it is greater than 300.]

9. Show that if p is a prime, « is an integer, and k is a nonnegative integer,
then

a'*Mr=1 = g(mod p).
10. Show that if n is odd and « is an integer,

a” = a(mod 3).

3.5. More on Euler’s ¢ Function

We see that if we are going to apply Euler’s theorem in a particular
problem, then we must be able to calculate ¢(n) from n. If n is small, it is
fairly easy to find all the numbers less than or equal to n which are relatively
prime to n, and then we immediately have ¢(n). But what if we wish something
like ¢(1776)? In this section we develop a formula for ¢(n) in terms of the
prime factorization of n. The key to this result will be a proof of the fact that
¢(n) is multiplicative.

We first illustrate the proof that ¢(n) is multiplicative by showing that
@(30) = ¢(5)- P(6). We first write the numbers from [ to 30 in a rectangular
array as in Figure 3.4. We note that a number is relatively prime to 30 if
and only if it is relatively prime to both 5 and 6. Thus n(l1 < n < 30) is
relatively prime to 30 if and only if it is one of ¢(5) numbers in ¢(6) columns
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Figure 3.4. Numbers relatively prime to 6 are in the large
vertical rectangles, numbers relatively prime to 5 are in circles.
Numbers relatively prime to 30 are in both the large vertical
rectangles and circles. The numbers from | to 30 thatare relatively
prime to 6 are in the first and fifth columns [¢(6) columns in all]
and each column contains exactly four [which equals ¢(5)]
numbers relatively prime to 5.

(the first and fifth). There are ¢(5)- ¢(6) such numbers and thus ¢(30) =
$(5)¢p(6). The situation here is perfectly general and leads to a proof that ¢(n)
is multiplicative.

Theorem 3.15. ¢(n) is multiplicative.

Proof. Suppose m and n are positive integers with (m,n) = 1. We put the
first mn positive integers in a rectangular array with m columns and n rows
as in Figure 3.5. The numbers in the jth column are m-0 + j, m-1 + j,
m-2+j,....,mn— 1) + j. By Theorem 2.4,

(ma + j, m) = (j,m),

1 2 m
m+ 1 m+ 2 m+ m
2m + 1 2m + 2 2m +m
m—1m+1 m—1m+2 -+ (n—1m+m

Figure 3.5
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and thus either every element of the jth column is relatively prime to m or
no element of the jth column is relatively prime to m. Therefore, exactly ¢p(m)
columns contain numbers relatively prime to m and every entry in these ¢(m)
columns is relatively prime to m.

Since (m,n) = 1, by Theorem 3.12 the n numbers in the jth column form a
complete residue system (mod n). Thus by definition, the jth column contains
exactly ¢(n) numbers relatively prime to n. Hence in each of the ¢p(m) columns
containing the numbers relatively prime to m, there are ¢(n) numbers
relatively prime to n, and these are the only numbers relatively prime to
both m and n. That is, there are exactly ¢(m)@(n) numbers in the array of
Figure 3.5 thatare relatively prime to both mand n. Butan integer is relatively
prime to mn if and only if it is relatively prime to both m and n. Therefore,

P(mn) = p(m)¢p(n). A
After Theorem 3.15, we can evaluate ¢(n) if we can find ¢(p“), where pisa
prime. This is an easy task and the result is

Theorem 3.16. Let the prime factorization of n be

= pi'pe - pi.
Then
o) = n(l — 1/p)(1 — 1/py)---(1 — 1/py).

Proof. We begin by finding ¢(p®), where pisa primeand a > 1. A number
is relatively prime to p“ unless it is divisible by p. The numbers from 1 to p*
which are divisibleby pare 1 - p,2-p,..., p* ' . p. Thus exactly p®~ ' positive
integers less than or equal to p? are divisible by p, and therefore there are
exactly p® — p“~! positive integers less than or equal to p* which are not
divisible by p. Hence

o(p*) = p* — p*"' = p“(l = 1/p).
But now, by Theorem 3.15,

d(n) = (p1)P(p7) - - - Ppi)

SR [ L Rt U

1 P1p2 P e

1

oo s )

P Pk
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As an example, let us answer the question that started all this, and find
¢(1776). We need to factor 1776 first ; fortunately, we see that there is a factor
of 2 and 3 (casting out nines reduces 1776 to 3) to get us started. We then
find without much trouble that

1776 = 2%-3.37.

Thus
$(1776) = 1776(1 — 3)(1 — 5)(1 — 34)
=24.3.37-4.2.3¢
=2%.36
= 576.

This is considerably simpler than examining the first 1776 positive integers
to see which have factors of 2, 3, and 37 and which do not.

There are other methods of deriving the crucial Theorem 3.15. Two of
them are given in the miscellaneous exercises. We have now been able to
evaluate three different functions from the knowledge that they are multipli-
cative [d(n), a(n), and ¢(n)]. In the next theorem, we again make use of the
knowledge that a function is multiplicative in order to find it.

Theorem 3.17. If n > 1, then

Y ¢(d) = n.
d|n
Proof. Let
f(n) =3 ).

d|n

Since ¢(n) is multiplicative, Theorem 2.15 says that f(n) is also multiplicative.
Thus we first wish to find f(p“), where p is a prime and ¢ > 1. Here we have

) = % ¢(d)

d|p

#(1) + d(p) + d(p?) + --- + d(p*)

1
1 — -
p

|
1 — -
P

=l+(p-D+@-p+@E -+ +@" —p""
= p,

1
| — =
p

+...+pa

+ p?

=1+p
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with all the other terms canceling each other. Therefore, if n factors as
n = p‘;xplzlz"'pﬁkl
then

fn) = fe)f0?) - f(pi)
= pi'p%--- P
=n. A

EXERCISES

Find ¢(n) for n = 20, 60, 63, 341, and 561.

Show that if n is odd, ¢(2n) = @(n).

Show that if n is even, ¢(2n) = 2¢(n).

What goes wrong with the proof of Theorem 3.15 if (n, m) > 1?
Does Theorem 3.16 give ¢(1)?

Verify Theorem 3.17 for n = 30.

Let x be the smallest positive integer such that 2* = 1(mod 63). Find x
and verify that x|$(63).

*8. Repeat problem 7 with 63 replaced by 105.

*9, Find the last three digits of 7999°.

Nk LN —

3.6. Polynomial Congruences

Definition. Let f(x) and g(x) be polynomials with integral coefficients. If
the coefficients of each power of x are congruent (mod #n), then we say that
f(x) and g(x) are congruent as polynomials (mod n) and we write

f(x) = g(x)(poly mod n).
For example
5x* — 6x + 3 = x* + 2x — 1(poly mod 4),
X+ 4x? — 2x + 1 = 3x* + 4x% + x? — 8x + 22(poly mod 3),
x> — 1 = (x — 1))(poly mod 3),
x? + 2x + 1 # 6x% + 3x + 6(poly mod 5),
x® # x(poly mod 5).

Missing powers of x are assumed to have the coefficient 0. Thus in the second
example, we may assume that the polynomial on the left is

Ox* + x> +4x2 — 2x + 1
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and in the third example the polynomial on the left is
x4+ 0x? +0x— 1.

The fifth example is extremely instructive. The polynomials x* and x are
not congruent as polynomials (mod 5) since the coefficients of x are incon-
gruent (mod 5). This is true in spite of the fact that by Fermat’s theorem (3.14)

x° = x(mod 5)

for all integers x. Thus it may happen that two polynomials may be incon-
gruent as polynomials (mod n) and still be congruent (mod n) for all integral
values of the variable. This is a situation which does not occur with equalities.
Two polynomials f(x) and g(x) are the same if and only if f(x) = g(x) for all
integers x. Thus when we write f(x) = g(x), it does not matter whether we
think of the equality as saying f and g are the same polynomials or fand g
give the same values for all values of x; the two concepts are the same.
This is our reason for distinguishing between f(x) and g(x) being congruent
as polynomials (mod n) and just being congruent (mod n). When we write

(39) J(x) = g(x)(mod n)

we simply mean that (39) is true for all integral values of x. There is yet a
second meaning of (39) and that is the meaning of solving an equation. This
is a situation that occurs with equalities. For instance,

(x+ 1) =x+2x + 1
is an identity, true for all values of x, while
(x + 1) = 2x% + 2x

is true only for certain values of x which can be found by solving the equation.
The reader should be able to distinguish between the two meanings of (39),
particularly since they will usually be accompanied by a phrase such as *‘for
all integers, x,”” or “solve.”™*

The following result, although trivial, is sufficiently fundamental to be
called a theorem.

4 It should be noted that the notation
J{x) = g(x)(poly mod n)

is unique with this book and is presented as a public service to help minimize confusion.
Other books and articles customarily use (39) for this purpose also and leave it to the
reader to figure out which meaning is being used. (The kind author will attach a phrase
such as ““congruent as polynomials,”” but he is under no compulsion to do so and
usually does not.)
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Theorem 3.18. If
f(x) = g(x)(poly mod n)
then for all integers x,

f(x) = g(x)(mod n).

Proof. The result follows from the definition of
f(x) = g(x)(poly mod n)

and Theorem 3.2 (the theorem on sums and products of congruent numbers
being congruent). A
As the example

x® = x(mod 5)

shows, the converse of Theorem 3.18 1s not necessarily true. Thus the state-
ment

f(x) = g(x){poly mod n)
contains more information than the statement
f(x) = g(x)(mod n).

Let us give an example of how much more information the first statement
can carry. It is easy to show that if p is a prime, then

(40) xXP—x=x(x+ 1)x+2)---(x + p— 1)(mod p)

for all integers x. By Fermat’s theorem (3.14), the left side of (40) 1s congruent
to O(mod p) for all integers x. Since the numbers 1,2, ..., p form a complete
residue system (mod p), given an integer x, there is an integer j in the range
from 1 to p such that

x = j(mod p).
But then the factor [x + (p — j)] in the right side of (40) is congruent to 0:
x+p—j=j+p—Jj=0modp),

and thus the right side of (40) is congruent to O(mod p) for all integers x. This
proves the relation (40). Equation (40) is not very useful as it stands, but it
so happens that (40) is also true as a congruence of polynomials; that is,

41) xP —x =x(x + 1)(x + 2)---(x + p — 1)(poly mod p).

We will prove this later in this section. If we accept this as true, then the
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coeflicients on each side of (41) are congruent (mod p). [This is precisely the
difference between (40) and (41).] If we equate the coefficient of x on both
sides of (41), we get

(42) —1=(p— 1))(mod p).

Thus from (40) we get nothing, but (41) is full of information [and (42) is just
the result of equating one coefficient of (41)]. As examples of (42),

(1t + 1), 54!+ 1), 716!+ 1), 101[(100! + 1).

The reader can verify the first three of these easily enough, but the fourth
might take a few days (100! has 158 digits).
By Fermat’s theorem, the congruence

xP — x = O0(mod p)

has the roots 0, —1, —2,..., — (p — 1) (among others). With ordinary
equality, roots lead to factors and thus, by analogy, (41) seems quite reason-
able. This 1s, in fact, how we will eventually derive (41). In the meantime, we
prove several preliminary theorems on polynomial congruences familiar to
the reader as equalities.

Theorem 3.19. If
fi(x) = f3(x)(poly mod n),
g1(x) = g,(x)(poly mod n),
then
Ji(x) + g,(x) = fa(x) + ga(x)(poly mod n),
fix)g (x) = f2(x)g2(x)(poly mod n).
Proof. Coefficients of sums and products of polynomials are determined
as combinations of sums and products of the coefficients of the original
polynomials. Therefore, changing the coefficients of the original polynomials

to congruent numbers (mod n) changes the coefficients of the answer to
congruent numbers (mod n). A

Theorem 3.20. If f(x) is a polynomial with integral coefficients and
f(a) = O(mod n), then there is a polynomial g(x) with integral coefficients
such that

f(x) = (x — a)g(x)(poly mod n).
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Proof. Let us divide f(x) by (x — a). The result is a quotient g(x) with
integral coefficients and a remainder b:

f(x) =(x — a)g(x) + b.

Therefore,
fla)=(a —a)gla) + b =>b
and hence
b = f(u) = 0O(mod n).
Therefore,
J(x) = f(x) = b = (x — a)g(x)(poly mod n). A

For example, let f(x) = x> + x + 1. Then
f(1) = 0(mod 3).
When we divide f(x) by x — 1, we get the result

x +2
x— 1x? +x+ 1
x? —x
2x + 1
2x — 2

3

X2+ x+1=(x-1)(x+2)+3.

(The reader acquainted with synthetic division may perform the calculations
quicker and easier.) Hence

x2+ x4+ 1 =(x— 1)(x + 2)(poly mod 3).
Since
x + 2 = x — I(poly mod 3),
this may be written
x4+ x + 1 =(x — 1)*poly mod 3).
If we were told that
S(x) = (x = a)g(x),
Jb) =0, b +# a,
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then we would deduce that
(b — a)g(h) =0, b—a#0
and hence
gb) = 0.

From this we see that there is a factor of x — b in g(x) and this gives factors
of (x — a)(x — b)in f(x). This is the process used in showing that successive
roots of the equation

Jx)=0

correspond to successive factors of f. We wish to imitate this process for
congruences, but we immediately find that there are difficulties. Consider
the example

(43) x? — 1 = 0(mod 8).
Since
x = I(mod 8)
is a solution, there is a factor of (x — 1)in x? — 1:
(44) x? — 1 =(x — 1)(x + 1)(poly mod 8)
But now
x = 3(mod 8)

is another solution to (43), in spite of the fact that x + 1 does not have a
factor of x — 3(mod 8). If we substitute x = 3 into (44), we find the trouble,

0 = 2-4(mod 8).

The proof above that two roots of an equation correspond to two factors
depends on the fact that if the product of two numbers is zero, then one of
the numbers is zero. This does not always happen for congruences, as is seen
above. Arithmetic (mod n) does not behave sufficiently like ordinary arith-
metic to enable us to show that two distinct roots of a congruence equation
correspond to two distinct factors of the polynomial.®

3 The question at issue is whether the polynomial can have both factors simultaneously.
For example, x> — 1 does have a factor of (x — 1) (mod 8), and it also has a factor of
(x — 3)(mod 8):

x2 — 1 =(x — 3)(x + 3)(poly mod 8),

but x?> — 1 does not have both (x — 1) and (x — 3) as factors simultaneously.
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There is an instance that the “"product of two numbers is zero implies one
of them is zero™’ theorem carries over to congruences. If p is a prime and

dydy---ap = 0(mod p),
then for some j,
a; = O(mod p).

This follows immediately from the definition of congruence and Theorem 2.8.
Thus when we have a polynomial congruence (mod p), there is hope that we
can proceed as with equalities. This is, 1n fact, true, and for the rest of this
section we will restrict ourselves to prime moduli.

Theorem 3.21. If f(x) is a polynomial with integral coefficients and if
a;,d,,...,a; are pairwise incongruent integers (mod p) (where p is a
prime) which are solutions of the congruence equation

f(x) = 0(mod p),
then there is a polynomial g(x) with integral coefficients such that
Sx) =(x —a)x — az)- - (x — a)g(x){poly mod p}.

Proof. By Theorem 3.20, there is a polynomial g,(x) with integral co-
efficients such that

S(x) = (x — ay)g(x)(poly mod p).

We now proceed to give a proof by induction. Suppose that there is a poly-
nomial g;(x) with integral coefficients such that

(45) S(x) = (x —a)x —az)--- (x — a;)gx)(poly mod p).
(As we have just seen, this is true for j = 1.) Then
0 Ef(a_,'+1) = (aj+1 - al)(aj+1 - az)"'(aj+1 - aj)gj(a_,-+ 1)(m0d p)-

By hypothesis, none of the numbers ¢;,., —a,, a4 —as,...,a;4y —a,is
congruent to O(mod p) and therefore

g/a;,,) = 0(mod p).

Thus, by Theorem 3.20, thereis a polynomial g, ,(x) with integral coefficients
such that

gix) = (x — d,;+1)8j+ 1(x)(poly mod p).
By Theorem 3.19, we may insert this into (45) and get

JX)=(x —a)x —ay)--(x — dj+1)g;+1(x)(poly mod p).
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This completes the inductive step. Since (45) is possible for j = 1, itis possible
forj = 2and thenj = 3, ..., and finally, j = k. A

Thus far, we have said nothing about the degree of a polynomial. It will
be necessary to use this concept in the near future.

Definition. Letf(x) = a;x* + a;_;x* ' + --- + a;x + a,beapolynomial
with integral coefficients. We define the degree (mod n) of f(x) to be the
largest number d such that

ay # 0(mod n).
If d < k this means that

Qg+ = Ayey = -+ = a, = 0(mod n).

It is possible that every coeflicient of f(x) is congruent to O(mod n), and
then we say that the degree (mod n) of fis undefined.

Thus the degree (mod n) of a polynomial f(x) is undefined if and only if
f(x) = 0(poly mod n).
For example, if
f(x) = 30x* — 60x* + 12x? — 6x + 3,
then
the degree (mod 12) of f(x) = 4,
the degree (mod 7) of f(x) = 4,
the degree (mod 35) of f(x) = 2,
the degree (mod 6) of f(x) =0,
the degree (mod 3) of f(x) is undefined.
Theorem 3.22. Let p be a prime and let f(x) be a polynomial with integral

coeflicients and let the degree (mod p) of f(x) be defined and equal to n.
Then the equation

(46) f(x) = O(mod p)

has at most n distinct roots (mod p).

Proof. Suppose the integers a,,d,,...,a,,, are pairwise incongruent
(mod p)and are also solutions to (46). By Theorem 3.21, there is a polynomial
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g(x) with integral coefficients such that

(47) J(x) = (x —a)x —az)- - (x — a,.)gx)(poly mod p).

It is clear from the definition of degree (mod p) that two polynomials, which
are congruent as polynomials (mod p), have the same degree (mod p). Thus,
since the degree (mod p) of f(x) is n, the degree (mod p) of the right side of (47)
is defined and equal to n. If the degree (mod p) of g is not defined, then

g(x) = O(poly mod p),
and it follows from (47) that
f(x) = O(poly mod p).

This is false, since it would imply that the degree (mod p) of f(x) is undefined,
whereas it is part of the hypothesis that the degree (mod p) of f is defined.
Thus the degree (mod p) of g(x) is also defined. Let k be the degree (mod p)
of g(x). By the definition of degree (mod p),

k=>0.
Let b; be the coefficient of x/ in g(x). Thus
b, # O(mod p).

It is possible that there are powers of x higher than the kth in g(x), but all
their coefficients are congruent to O(mod p) by the definition of k. Therefore,

g(x) = bx* + by x* ! 4+ «-+ + bo(poly mod p)
and thus
(48)  (x —a)(x —az) - (x — dps)gx) = (x —a)(x —ay)---
< (x = dpy 1 )(biX* + -+ + bo)(poly mod p).

Hence the right side of (48) also has n as its degree (mod p). But this is absurd,
since the coefficient of x"* ! ** on the right side is

bk E3 O(mod p).

This contradicts our supposition that (46) can have n + 1 distinct roots
(mod p). It follows that (46) cannot have more than n + 1 distinct roots
(mod p) and hence must have at most » distinct roots (mod p). A

As the example

x? — 1 = 0(mod 8)

[with distinct roots (mod 8) of 1, 3, 5, 7] shows, the restriction to primes in
Theorem 3.22 cannot be eliminated.
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Theorem 3.23. Let p be a prime, f(x) be a polynomial with integral co-
efficients and degree (mod p) defined and equal to n. Suppose that b is the
coeflicient of x" in f(x) and suppose that the n integers u,,d,,....q, are
distinct (mod p) solutions to the equation

S(x) = 0(mod p).
Then
S(x) = b(x — a;)(x — az)---(x — a,)(poly mod p).

Proof. We could prove this substantially the same as we proved Theorem
3.22. But instead, we will illustrate a typical application of Theorem 3.22 in
this proof. Let

glx) = b(x —a))(x —ay)---(x — a,),
h(x) = f(x) — g(x).
We will use Theorem 3.22 to show that
h(x) = O(poly mod p),

and this is obviously equivalent to the result of the theorem. Clearly
gla;) = O for each a; and by hypothesis f(a;) = O(mod p) for each a;. There-
fore, the distinct (mod p) integers a,, d,, ..., a, are solutions to the con-
gruence equation

h(x) = O(mod p).

Thus by Theorem 3.22, either the degree (mod p) of h(x) is defined and greater
than or equal to n or the degree (mod p) of h(x) is undefined. But g(x) has no
terms involving powers of x higher than the nth power and hence, if k > n,
the coefficient of x* in #(x) is the same as the coefficient of x* in f(x), which is
congruent to O(mod p) by the definition of n. Also, by the definition of b, the
coeflicient of x" in h(x) is 0. Hence the degree (mod p) of h(x) cannot possibly
be defined and greater than or equal to n. Thus, by Theorem 3.22, the con-
gruence
h(x) = O(mod p)

has too many solutions to allow the degree (mod p) of h(x) to be defined.
Therefore, the degree (mod p) of h(x) is not defined and therefore

h(x) = O(poly mod p). A
We illustrate the application of Theorem 3.23 by proving the result in
(42). It is more convenient to derive this from the factorization of x?~! — 1

than from (41).
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Theorem 3.24 (Wilson’s Theorem). If p is a prime, then

(p — !'= —1(mod p).
Proof. By Fermat’s theorem (3.14), the p — 1 pairwise incongruent
(mod p) numbers — 1, —2, —3,..., —(p — 1) satisfy the congruence
xP~1 — 1 = O(mod p).
Clearly the degree (mod p) of x*”! — 1is p — 1 and the coefficient of x~!
in x?~ ' — 11is 1. Therefore, by Theorem 3.23,
49) xP"l -1 =(x+ )(x+2)---(x + p— 1)(poly mod p).

Hence the constant terms (the coefficient of x°) on both sides are congruent,

—1=1-2-3---(p — 1)(mod p). A

EXERCISES
1. Factor x> — 3x — 3 into linear factors (poly mod 5).
Factor 2x* — 3x — 2 into linear factors (poly mod 7).
Factor x? + 1 into linear factors (poly mod 13).
Factor x? + 1 into linear factors (poly mod 17).
Factor x* + x? + 4x + 1 into linear factors (poly mod 7).
Factor x* + 4x? + 3x + 6 into linear factors (poly mod 7).
Is it allowable to divide both sides of (40) by x and then substitute x = 0
in the resulting congruence to prove Theorem 3.24? Explain.
8. Use the fact that

N U e WL

p —Jj = —j(mod p)

to show that if p is an odd prime, p = 2k + 1, then

_ 2
(p— 1)t = (—1){(”7‘) 1] (mod p).

9. Use the result of problem 8 to show that if p is a prime, p = 1(mod 4),
then [(p — 1)/2]!is a solution to the congruence equation

x? + 1 = O(mod p).
10. If n > 4 is a composite number, show that n|(n — 1)! Conclude that
(n — 1) 2 —1(mod n).

(This shows that Wilson’s theorem can be used as a proof of primality.
It is unfortunately not practical for large numbers.)
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What s the result when the coefficients of x” 2 are equated on both sides
of (49)? Is your result valid for p = 2?7 Explain.

What is the result when the coefficients of x” 3 are equated on both
sides of (49)? Separate the casesof p = 2, p = 3, p > 3. Prove the result
for p > 3 without the use of polynomials. The formulas

. _nn+1) o, _nh+ D2n+ 1) Loy e+ )7
j=y— L= o Z/—[ 3 ]

J=1 J=1

may be helpful.
Find all distinct solutions (mod 5) or show there are none:

x? + x + 3 = 0(mod 5).

Find all distinct solutions (mod 5) or show there are none:
x? + 2x 4+ 3 = O(mod 5).

Find all distinct solutions (mod 15) or show there are none:

x? = 4(mod 15).

Find all distinct solutions (mod 8) or show there are none:
x? + x + 4 = O(mod 8).

Find all distinct solutions (mod 11) or show there are none:

x3 4+ 2x? + 5x + 6 = O(mod 11).

Use the coefficient of x on both sides of (49) to prove that if p > 3, then
pla, where
a 11 1

G oot _
b t2t3 Ry

. Use the congruence equation x? — 1 = O(mod p) to show that if

(a,p) = 1, then
a?~ 2 = 4 1(mod p).

Primitive Roots

We have seen that if (a,n) = 1, then

a?™ = 1(mod n).

In this section we investigate the twin problems of finding the smallest
positive power such that a to that power is congruent to I(modn) and
finding those a for which this power is actually ¢(n).
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Definition. Suppose that (4,n) = 1. We define the order of a(mod n) to be
the smallest positive integer, call it b, such that

a® = 1(mod n)
and we write
b = ord,(u).
For example, ord, 3(5) = 4, since
5! = 5(mod 13), 52 =25 = —I(mod 13),
5% = —5(mod 13), 5* = —25 = 1(mod 13).

Thanks to Euler’s theorem (3.13), if (¢,n) = 1, we are guaranteed that there
is a power to which a can be raised to be congruent to 1{mod n) and thus there
really is such a thing as ord,(a). It also follows from Euler’s theorem that if

(a,n) =1,
ord,(a) < ¢(n).
On the other hand, if (a,n) > 1, then the equation
(50) ax = l(mod n)
has no solutions, by Theorem 3.6. Thus for b > 1,
a® = 1(mod n)
is impossible, since it would provide the solution x = a®~! to (50). Thus if

(a,n) > 1, it is impossible to define the order of a(mod n).

Definition. If (a,n) = 1 and ord,(a) = ¢(n), then we say that g is a
primitive root of n.

Unfortunately, the analogous situation in equalities is worded differently:
If * =1, but o™ # 1 for 0 < m < k, then it is said that « is a primitive kth
root of unity. By analogy, if ord,(«) = ¢(n), then

a®" = l(mod n), but a™ # 1(mod n) for 0 < m < ¢(n),

and at the very least we would expect something like “a is a primitive root of
unity (mod n).”” But this is never said. As an example, 3 is a primitive root of
10, since ¢(10) = 4 and

3! = 3(mod 10), 32
33 = —3(mod 10), 3%

9 = — I(mod 10),
—9 = I(mod 10).
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As another example, there are no primitive roots of 8, since ¢(8) = 4 and a
reduced residue system is given by the numbers 1, 3, 5, and 7 with

1" = 1(mod 8), 32 = I(mod 8),
52 = 1(mod 8). 7% = 1(mod 8).

We will shortly show that there are primitive roots mod p if p is a prime.
In the meantime, we prove a result that will help us limit the possible values
of ord,(u).

Theorem 3.25. If b > 0, ¢ > 0, d = (b,¢), and

a’ = 1(mod n), a“ = 1(mod n),
then

Proof. By Theorem 2.2, there are integers r and s such that
d = br — cs.
This means that for all integers ¢,
d = b(r + ct) — (s + bt),
and since if we take t sufficiently large, bothr + ¢tand s + bt will be positive,
we may as well assume that r > 0, s > 0. But then
a’ = 1'a? = (@)u’ = a**? = 4" = (a®Y = 1" = I(mod n). A

We worried about making r and s positive because otherwise the mul-
tiplications in the last step would be divisions and we have not even defined
a/b(mod n), let alone prove any results about it. As an example of the last
theorem, we show that x = 1(mod 29) is the only solution to the congruence

(51) x!¥ = I(mod 29).

Suppose x = « is a solution to (51). Then (a,29) = 1. If follows from Fermat’s
theorem (3.14) that

a*® = 1(mod 29).
But since (13,28) = 1, Theorem 3.25 says that
a' = 1(mod 29)

also. [It is easily seen that this is a solution to (51).] As another example of
Theorem 3.25 at work, we have the result,
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Theorem 3.26. If («,n) = 1 and for some b > 0,
a® = 1(mod n),
then ord,(u)|b. In particular, ord,(a)|¢(n). Conversely, if ord,(a)b, then

a® = 1(mod n).

Proof. Let
d = (ord,(a),b).
Then
(52) d < ord,(«)
and also, by Theorem 3.25,
a® = 1 (mod n).

But by the definition of ord,(«), this means that

d > ord,(u).
This, combined with (52), says that
ord,(u) = d.

By the definition of d, d|b, and hence ord,(u)b. Conversely, if ord,(u)|b, then
for some k,

b = k-ord,(u)
and hence
ab = [uurdn(a)]k = l(mOd p) A

Theorem 3.26 lightens the labor when we attempt to find ord,(a), since it is
now only necessary to check the divisors of ¢(n). As an example, let us find
ord,;(2). Since ¢(23) = 22, we see that ord,;(2) is one of the four divisors of
22:1,2,11, 22. The numbers 1 and 2 are obvious failures. [In fact, ord,(a) = 1
if and only if ¢« = 1(mod n).] Thus we need only look at 2''(mod 23). If we
make no mistakes, we will come up with 2! = + 1(mod 23) (see problem 19
of Section 3.6), but this remark is meant to serve only as a check. The useful
thing is that we do not have to look at each power of 2 in getting up to 2'".

2 = 4(mod 23),
2% = 4% = 16 = —7(mod 23),
28 =(—7)? = 49 = 3(mod 23),
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210 = 28 .22 = 3.4 = [2(mod 23),
211 = 219.2 = 12.2 = I(mod 23).

Thus ord,;(2) = 11.

At this point we will restrict ourselves to prime moduli. As the example of
n = 8 showed, not all n have primitive roots. The next theorem will aid us in
showing that all primes have primitive roots.

Theorem 3.27. If pis a prime and d|(p — 1), then the congruence equation
x? = 1{mod p)
has exactly d distinct solutions.

Proof. We already know that the equation
x?~' — 1 = O(mod p)

has exactly p — 1 distinct solutions (mod p) (this is Fermat’s theorem,
3.14). Since d|(p — 1), let kd = p — 1. Then

xPTl 1 =xM |
= (x4 — [k 4 xdh=2) g oy dk=3) 4o oxd 1.
Therefore, there are (p — 1) distinct solutions to the congruence
(53) (x4 — x4 4 x4 4 o4 x? + 1] = 0(mod p),

and since p is a prime, every solution to (53) is a solution of at least one of the
two congruences

(54) x4 — 1 = 0(mod p),
(55) xAk=1 g xdk=2) 4 x4 4 | = O(mod p).

By Theorem 3.22, (55) has at most d(k — 1) distinct solutions (mod p). Since
there are p — 1 distinct numbers (mod p) that satisfy at least one of (54) and
(55), and at most d(k — 1) of them satisfy (55), at least (p — 1) — d(k — 1)
distinct integers (mod p) satisfy (54); that is, (54) has at least

(p—1 —dk—-1)=[p—1)—dk] +d=d
distinct solutions (mod p). By Theorem 3.22, (54) can have no more than d

solutions and thus has exactly d solutions. A

Theorem 3.28. Let p be a prime and let d|(p — 1). Then there are exactly
¢(d) distinct integers (mod p) whose order (mod p) is d. In particular, there
are exactly ¢(p — 1) primitive roots of p.
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Proof. Since any solution of the equation
x?! = 1(mod p)

must be relatively prime to p [recall that the definition of order (mod p) had
this condition], we need only show that there are ¢(d) solutions to this
equation that do not satisfy similar equations with smaller d. We will give a
proof by contradiction (which in this case is a means of avoiding a proof by
induction). Let us suppose that the theorem is false. Then there is a smallest d
for which the theorem is false and we will let n be that smallest value. Thus
ifd < nand d|(p — 1), there are exactly ¢(d) distinct numbers (mod p) whose
order is d. Let us look at the solutions to

(56) x" = l(mod p).

By Theorem 3.26, x = a is a solution of (56) if and only if ord (a)n. Thus the
number of solutions to (56) with order (mod p) less than n is

Y (number of distinct integers (mod p) whose order (mod p) is d)

Fe
dlznd’(d) — ¢(n)
=n — ¢(n),

by Theorem 3.17. Thus the number of solutions of (56) with order (mod p)
equal to nis

n—[n— ¢(n)] = ¢(n)

This contradicts the definition of n, thereby proving the theorem. A

Shown in Table 2 at the end of the book are the smallest primitive roots
of each p < 500. As we noted earlier, there are no primitive roots of 8. To
satisfy the reader’s curiosity, an integer n has primitive roots if and only if n
is one of the five categories

n=l, n=2, n=4, n=pk, n = 2pk

where p is an odd prime and k is a positive integer. Thus 7*7,2- 1012, and 10
have primitive roots (the last was verified earlier) while 8, 16, 15, and 20 do
not. This result is left to miscellaneous exercises 3-7 at the end of the chapter.
The result that there are ¢(p — 1) primitive roots of p is sometimes written :
There are ¢(p( p)) primitive roots of p. This is the more general form, since it
can be shown that if there is a primitive root of n, then there are exactly
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¢(¢p(n)) primitive roots of n which are distinct (mod n) (problem 11 at the end
of the section).

We conclude the chapter with two applications of the above theorems.
Another application to decimal expansions of rational numbers will be given
in Chapter 6. As our first example, we investigate the question as to when the
equation

x* 4+ 1 = 0(mod p)
has solutions. This is the equation for equality that resulted in the invention
of complex numbers. Here the situation is different, as there are sometimes
already integral solutions to the congruence equation.
Theorem 3.29. Let p be a prime. The equation
(57) x? = —1(mod p)
has solutions if p = 2 or if p = 1(mod 4) but does not have any solutions
if p = 3(mod 4).
Proof. When p = 2, x = 1 is a solution. Suppose that p = 1(mod 4). Then
4|(p — 1). By Theorem 3.28, there is an integer « such that
ord,(u) = 4.
In particular,
(@®> = Y@* + 1) =a* — 1 = 0(mod p)
and hence either
a? — 1 = 0(mod p)
or
a? + 1 = 0(mod p).

The first case cannot happen since ord,(¢) = 4 and therefore

a? + 1 = 0(mod p).

Hence « is a solution to (57).
Suppose that p = 3(mod 4). Then

2(p = 1), but 44(p — 1)
and hence

(58) (p—14)=2
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Suppose that

(59) a’ = —I(mod p).
Then
(60) a* = (@*)? = (—1)’ = I(mod p)

[it follows that (a,p) = 1] and by Fermat’s theorem (3.14),
(61) a?~! = 1(mod p)

also. Hence, by (58), (60), (61) and Theorem 3.25,

(62) a’ = 1(mod p).
It follows from (59) and (62) that
1 = —1(mod p)
and hence
2 = 0(mod p).
This is impossible, since it says that an odd prime divides 2. Therefore, (59)
is untenable and hence (57) has no solutions when p = 3 (mod 4). A

The next theorem is a simple corollary of Theorem 3.29, but it will be used
in Chapters 5 and 8.

Theorem 3.30. If p is a prime = 3(mod 4) and a and b are integers such
that
a’ 4+ b? = 0(mod p),
then
a = b = 0(mod p).
Proof. We first show that b = 0(mod p). If b 2 0(mod p), then there exists
an integer ¢ such that
bc = 1(mod p),
and then
(ac)® = a’c* = —b*c* = —(bc)* = — l(mod p).
But this is impossible by Theorem 3.29. Therefore,
b = 0(mod p)
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and hence
a’* = a? + 0% = a? + b* = O(mod p)
so that pla?, and thus pla; that is,
a = 0(mod p). A

We turn now to a completely different area. Gauss showed that if o is a
primitive kth root of unity (that is, o* = 1 but &™ % 1if 0 < m < k), then

k if k= 1(mod4),
Aol i 2 B 0 if k= 2(mod 4),
PO i if k= 3(mod 4),

ka4 if k= 4(mod 4).

This is difficult to check in particular cases because of the nature of o (a
complex number with irrational real and imaginary parts when k > 12).
Owing to the great similarities between the theory of congruences and
equalities, we might suspect that a similar result is true for congruences. We
have noted one major difference between arithmetic (mod n) and equalities:
If n is composite, then 0 is congruent (mod n) to the product of two nonzero
(mod n) integers. This made a great difference when we dealt with poly-
nomial equations (mod n). Since Gauss’s result certainly deals with poly-
nomial equations, it seems best to investigate Gauss’s result for congruences
(mod p), where p is a prime. The analogue of a primitive kth root of unity
is an integer whose order (mod p) is k. Thus we may conjecture that if p is a
prime and

ord,(u) = k,
then
k(mod p) if k= 1(mod4),
Ao )2 0(mod if k= 2(mod4),
63) Y o ) _ (mod p) . - ( )
o —k(mod p) if k= 3(mod 4),

2kad*mod p)  if k = 4(mod 4).

Let us check this conjecture for k = 3. We cannot choose any prime that
comes to mind; by Theorem 3.26,

ord,(a)l(p — 1),

in this case, 3|(p — 1). If 3|(p — 1), then by Theorem 3.28, there will be
integers whose order (mod p) is 3. Let us pick p = 13 for our example. The
next question is: Can we find a number whose order (mod 13) is 3 without
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proceeding by trial and error? The answer is yes, if there is a table of primitive
roots available. We see from Table two at the end of the book that 2 is a
primitive root of 13. Thus

2'2 = 1(mod 13), but 2" # 1(mod 13) for 1 <n<ll.
It follows that
(2%)® = 1(mod 13), but (2% # l(mod 13) for m=1,2.
Thus by definition,
ord,;(16) = 3.

For our calculations, it will be best to replace 16 by the congruent number
3(mod 13) and thus we let ¢ = 3. Then

2 2
( Y 31“’) = (3° + 3' + 3*)? (mod 13)
= =(1 4+ 3+ 3'-3)’ (mod 13)
=( +3+3)?% (modl3)

=72 (mod 13)
=49 — 4-13 (mod 13)
= -3 (mod 13),

as predicted by (63).

This example is instructive for two reasons. First it has illustrated several
of the theorems of this chapter at work in a numerical example. Second,
the conjecture itself (assuming it is true) is likely to have a proof that parallels
the proof of Gauss’s result for equalities. Here, as in much of this chapter,
we have taken proofs from results on equalities and adapted them to con-
gruences. In other circumstances, we might have to readapt these proofs
once again. This illustrates the great advantage of the modern axiomatic
method. Starting from a certain set of axioms [in this case, the so-called field
axioms, satisfied by the rational numbers, the real numbers, the complex
numbers, congruences (mod p), and other systems] one derives certain
theorems. The resulting theorems are then true for everything that satisfies
the axioms, which results in a great saving of needless duplication of proofs.

EXERCISES
1. Did this section prove the conjecture in (63) for k = 3?
2. How many distinct solutions (mod 102) are there to the equation

x8% = 1(mod 102)?
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. Suppose that («,n) = 1. Prove that

a® = a‘(mod n)

if and only if
b = ¢(mod ord,(u)).

. Show that if (4,15) = 1, then

a®'2 = [(mod 15)

and hence 15 has no primitive roots. [Hint: Examine the congruence
(mod 3) and (mod 5).]

. Show that 21 has no primitive roots (see problem 4).
. Show that 35 has no primitive roots (see problem 4).
. Show that if g is a primitive root of n, then the numbers

g’ gZ‘ gl’ o, gq)(n)

form a reduced residue system (mod n).
Show that if p is a prime, p = 1{mod 4) and g is a primitive root of p,
then g V' # is a solution to the equation

x? = —I(mod p).

. There are four solutions to the equation

x? + 1 = 0(mod 65).

Find them by solving this equation (mod 5) and (mod 13) and then using
the Chinese remainder theorem.

Given that 3 is a primitive root of 31, show that 3° 3'¢,3'3 320 325 apd
339 are the six distinct roots of the equation

x® = 1(mod 31).
Since
xX—1=03 =D+ )= — )2 +x + Dix + )2 —x + 1),
the six numbers above satisfy the equation
(x — D2 + x + D(x + D(x?* — x + 1) = 0(mod 31).

Which solution goes with which factor? (Do this without substituting
the solutions into the factors, if possible.)

Show that if n has a primitive root, then n has exactly ¢(¢(n)) primitive
roots. (Hint: Use the result of problem 7 and decide which powers of
g give the primitive roots of n.)
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12. Find all solutions to the equation
x'% = I(mod 14).

13. Verify the conjecture in (63) for k = 5 and whatever values of p and a
that you find convenient.

14. Repeat problem 13 with k = 6.

15. Repeat problem 13 with k = 7.

16. Repeat problem 13 with k = 8.

MISCELLANEOUS EXERCISES

1. Show that if p and g are different odd primes, and if (a,pq) = 1, then

a®®'? = 1(mod pq).

2. Show that if n > 2, then 2|¢(n).

3. Use the ideas in problems 1 and 2 to show that if n = ab, where a > 2,
b > 2, (a,b) = 1, then n has no primitive roots. Show that the only
numbers which can possibly have primitive roots are those of the form
1, 2, 4, p*, and 2p*, where p is an odd prime.

4. Suppose p is an odd prime, k and g are positive integers. Use the bi-
nomial theorem to show that

(g + p)¢(p“) = gcb(p“) _ pkgd’(pk)_l(mod pk+1).

This result is false if p = 2 (try g = 1, k = 2). Where does your proof
use the fact that p is odd?

5. Show that if p is an odd prime and n is a positive integer then there is a
primitive root of p". [Hint. Suppose g is a primitive root of p*. Use
problem 4 to show that either g or g + p (or both) is a primitive root
Of pk+ 1.]

6. Show that if p is an odd prime, n > 0, then there is a primitive root of
2p". [Hint: Let g be a primitive root of p" (such a number exists by
problem 5). Show that either g or g + p" is a primitive root of 2p".]

7. Show that if g is a primitive root of p?, then g is a primitive root of p"
for all n = 2. [Hint: By problem 5, there are primitive roots of p" and
problem 11, page 107, there are exactly ¢(p(p")) such primitive roots.
Investigate how these are related to the ¢(¢(p?)) primitive roots of p2.]

8. The Fermat numbers are defined as

F,=22"+1.

Raise the congruence

22" = —1(mod F))
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to the (22"~ ™th power and use your result to show that every F, is
either a prime or a pseudoprime. The Polish astronomer Banachiewicz
has conjectured that Fermat knew this fact and that this is one of the
reasons Fermat conjectured that every F, is prime after having verified
only that Fy, Fy, F,, F3, and F, are primes (recall that in Fermat’s time,
the Chinese conjecture that there is no such thing as a pseudoprime was
still believed). Thus when Euler showed in 1732 that F5 was not a prime,
he had actually produced a pseudoprime 87 years before the first
announced example of one.

Let

F,=2"+1
and suppose that p|F,, where p is a prime (possibly F, itself). Show that
22" = I(mod p)
so that ord,(2)12"* . Use this to show that
ord,(2) = 2"*!

[first show that ord,(2) is a power of 2]. Since ord,(2)|(p — 1), show that
there is an integer k such that

p=k-2""! 4 1.

In the next two problems, we will see that if n > 1, then k is even.

. Suppose p = 8m + 1 is a prime. Show that

24m . (dm)! =2-4-6---4mlp — (4m — )][p — (4m — 3)]---[p — 1]
and use this to show that
2:4.6---8m=2-4-6---4m[—(4m — 1)][—(4m — 3)]---[—1](mod p)
=(—1)"2-4-6---4m(dm — 1)(4m — 3)---(1)(mod p)
= (4m)'(mod p).
Use this to prove that
2P~ 12 = 1(mod p).

. Use the results of problems 9 and 10 to show thatifn > 1 and pisa prime

divisor of F,, then

p—1
ordp(z)(z)
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and thus there is an integer ¢ such that
p=1t-2""2 4+ 1.
As an example, if n = 5, then any prime divisor of Fs5 must be of the
form
p =128t + 1.
When t = 5, we get the prime p = 641, which does divide Fs:
Fs = 641-6700417.

This was done in 1732 by Euler, who, in addition, announced that
6700 417 was a prime so that Fs could be factored no further. If p is a
prime divisor of 6 700 417, show that there is an integer t such that

p =128t + 1.

Given that (12821 + 1)> > 6700417, show that if 6700417 is com-
posite, then it is divisible by a prime among one of the twenty numbers

128t + 1, 1 <t <20.
The primes in this list are 257(t = 2), 641(t = 5), 769(t = 6), 1153(t = 9),
and 1409(t = 11), none of which divide 6 700417. Thus 6 700417 is a
prime.
Show that every integer of the form

4-14% 4+ 1, k>1

is composite. (Hint : Show that there is a factor of 3 when k is odd and a
factor of 5 when k is even.)

. Show that every integer of the form

521-12% + 1, k>1

is composite. [Hint - Show that there is a factor of 13 when k is odd, a
factor of 5 when k = 2(mod 4), and a factor of 29 when 4|k.]
Show that every integer of the form a - 2* + 1, where k > 1 and

a = 2935363 331 541925 531,
is composite. You may assume that
a = l(mod FoFy F,F3F,py), a = —1(mod p,),
where

p1 = 6700417, p, = 641,
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and

pip2 = Fs.

[Hint: Consider separately the cases k = I{mod?2), k = 2(mod 4),
k = 4(mod 8), k = 8(mod 16), k = 16(mod 32), k = 32(mod 64), and
k = 64(mod 64).] This result was first proved in 1960 by Sierpinski, who
compared it with the unsolved problem of whether or not there are
infinitely many primes of the form 1-2*¥ + 1 (when k = 2" we have F,).
Sierpinski also noted that if 1 < a < 100, then there is at least one prime
of the form a - 2* + 1.
The Mersenne numbers, M,,, defined by

M, =2"—1
have been well known since 1644 when Mersenne made an incorrect
conjecture on the primality (or lack of primality) of all M, with m < 257.
Show that if m is a prime, then M,, is either a prime or a pseudoprime.
Show further that if m is a pseudoprime, then M,, is a pseudoprime.
Conclude that there are infinitely many pseudoprimes. The number
M, = 23-89is a pseudoprime and thus there was a number well known
to Fermat available as an example of a pseudoprime 175 years before the
first announced example of one.
Suppose p is a prime = 1{mod 8). Use the result of problem 10 to show
that 2 is congruent (mod p) to an even power of a primitive root of p
and hence show that the equation

x2 = 2(mod p)

has solutions.
Suppose that p is a prime and (a,p) = 1. Show that the equation

x? = a(mod p)
has solutions if
a'?~ Y2 = 1(mod p)
and does not have solutions if
a?~ 2 = —[(mod p).
Determine whether or not 945 827 is a prime, given that
a = 149 762(mod 945 827),

where a is the product of all the primes less than 1000.
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Show that if p is a prime and ord,(a) = 3, then

2 2
Y ajz) = —3(mod p).
=0

Show that if p is a prime and ord (a) = 4, then

3 2

3 ajz) = 8a(mod p).
i=0

Show that if p is a prime and ord (a) = 6, then
5

Y @ = O(mod p).

=0

Show that for all integers a and b,
ab(a®* — b?)(a® + b?)

is divisible by 30. When showing that 2, 3, or 5 divides this number, do not
break the problem up into cases (such as, for example, case 1: one of a
and b even; case 2: both of a and b odd).

Show that

l' nk+1
m
k—* o0 O'(nk)

= ¢(n)

and use this equation to prove that ¢(n) is multiplicative. (Of course, the
way we have done things in this chapter, this equation could not be
derived without the knowledge that ¢(n) is multiplicative.)

The Mobius function is defined as

1 ifn=1,
ay = {(—D*  ifn=pipepl, @ =ay = =a =1,
0 ifn =p{'p%?---pi*, somea;> 2

Show that u(n) is multiplicative and that

1 ifn=1,
Y wd) = ,

dln 0 ifn>1.

Since d|(j, n) if and only if d|j and d|n, use the result of problem 24 to show
that

B = ¥ ¥ uld) = y S uid) = 3 Sud) = n 3 M
ji= ldlj "j|;1 d|n d|
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and use this to show that ¢(n) is multiplicative. Show also that this result
gives ¢(p®) when pis a prime and a > 1.

There is a general connection between Theorem 3.17 and the result of
problem 25, which is known as the Mébius inversion formula. Use the
result of problem 24 to show that

f(ny =73 gd)

d\n

for all » if and only if

gln) = E}:f(n/d )(d)
dln
for all a.
After problem 26, the result of problem 25 follows immediately from
Theorem 3.17. Prove Theorem 3.17 directly by showing that

n

n=>% Y 1=Y ¢n/d).

din j=1 din
(my=d

From a given date we may calculate how many days have passed (or will
pass) between then and today. This number of days (mod 7) will tell us
the day of the week of the given date (assuming we know what day it is).
This principle allows us to determine the day of the week of any date in
history. Let the days of the week be represented by the numbers
0.1,2,3,4,5,6(Sunday being 0 and Saturday being 6). Suppose that the
Oth of a given month and year (that is, the last day of the previous month)
falls on the weekday M. Show that the dth day of the month falls on the
day w of the week given by

w= M + dimod 7).

We can find M from the weekday Y which represents the Oth day of the
year (that is, the last day of the previous year). Unfortunately, for March
and later months, M will depend not only on Y but also on whether or
not the year involved is a leap year. Most perpetual calendars get around
this problem by defining the beginning of the year to be March 1. Thus
in calculating the day of the week of February 28, 1970, we would use the
year 1969 in our calculations. From this point on, we assume that January
and February belong to the year containing the previous December. Thus
Yis the day of the week of March O [that is, February 28 or 29, according
as to whether the year before (ending in February) is a normal or a leap
year].
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Day w Month m

Sunday 0 March 0
Monday 1 April 3
Tuesday 2 May 5
Wednesday 3 June 1
Thursday 4 July 3
Friday 5 August 6
Saturday 6 September 2
— October 4
November 0
December 2
January 5
February 1
Show that

M =Y + m(mod 7),

where m is given in the accompanying table (30 days hath September,
April, June, and so on). Let y be the last two digits in the year (for example,
in January 1900, y = 99 in April 1914, y = 14). Let ¢ be the weekday of
March Oth of the first year of the century containing the date in question.
Show that, (mod 7), a normal year has one day and a leap year two days
and hence prove that

¥

J (mod 7),

YE<’+y+|:

where [y/4] indicates that any remainder in v/4(}, 2. 3) is thrown out (it is
useful to note that the right-hand side usually increases by 1, but every
fourth y, starting with 4, the right-hand side increases by 2). Combining
all the equations, we have

w=m+d+y+ I:;i| + ¢(mod 7).

For example, on January 19, 1944, we have

w

5+ 19 +43 + [43] + ¢(mod 7)
= c(mod 7),

and assuming that in 1900, ¢ = 3, we see that January 19, 1944 is a
Wednesday. Use today’s date and day to show that in 1900, ¢ = 3.
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Century ¢
1500
1600
1700
1800
1900
2000
2100
2200

periodic

N O MW O N e

Since March 0, 1900 (w = ¢ = 3) was the same day as February 28,
1900 (m = 1,d = 28, y = 99), show that in 1800, ¢ = 5. Verify the values
given of ¢ in 1500, 1600, 1700, 2000, 2100, and 2200 (1600 and 2000 are
the only leap years among these : a year divisible by 100 is a leap year
only when it is divisible by 400).

Our present calendar, the Gregorian calendar, was introduced by Pope
Gregory XIII in 1582 to correct a slight error in the Julian calendar
(introduced by Julius Caesar in 46 B.c.) which was gradually accumulating
into a significant error. The Julian calendar is the same as the Gregorian
calendar, except that every year (such as 1900) divisible by 100 is a leap
year. Thus the Julian calendar has three extra days every four centuries.
In 1582, the Julian calendar was in error by 10 days : thus October 5, 1582
(Julian calendar) was converted to October 15, 1582 (Gregorian calendar).
In the notation of the previous problem, show that the Julian calendar ¢
of 1500 is ¢ = 6. Show that in the Julian calendar, ¢ decreases by one

Century ¢

1400
1500
1600
1700
1800
1900
2000

periodic

— R AN D —

(mod 7) each century. The Gregorian calendar was adopted in 1582 by
France and Spain, but England and her American colonies waited until
1752 to adopt it and Russia did not adopt it until after the revolution in
1917.
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30. On what days of the week did the following events occur (see problems

31.

28 and 29)?

August 6, 258 (A.D.)

August 6, 1637
August 6, 1644

August 6, 1660
August 6, 1759

August 6, 1811

August 6, 1848
August 6, 1890

August 6, 1930

August 6, 1939
August 6, 1945

August 6, 1966

(Julian calendar). The martyrdom of Pope
Sixtus 1L

(Julian calendar). Ben Jonson, dramatist, died.
Louise de la Valliere, mistress of Louis XIV,
born.

Diego Velasquez, Spanish painter, died.

Eugene Aram, English scholar and murderer,
hanged.

Peter Barlow readies for print his book, An
Elementary Investigation of the Theory of
Numbers with Its Applications to the Indeter-
minant and Diophantine Analysis, the Analy-
tical and Geometrical Division of the Circle and
Several Other Curious Algebraical and Arith-
metical Problems, containing a proof of Fer-
mat’s last theorem which depends on an in-
correct corollary on page 20.

H.M.S. Daedalus sights a sea serpent.

First successful operation of an electric chair,
State Prison, Auburn, New York.

Judge Crater, justice on the New York Supreme
Court, disappears.

The author’s birthday.

The first wartime use of an atomic bomb.
Hiroshima.

The President’s daughter’s marriage on an in-
auspicious day.

Show that if f(x) is a polynomial with integral coefficients and

f(a)

fa) = f"(a) = -+ = fa) = 0(mod n),

(rtn) =1,

then there is a polynomial g(x) with integral coefficients and degree
(mod n) equaling the degree (mod #) of f(x) minus (r + 1) such that

f(x) = (x — a)* 'g(x)(poly mod n).

Apply this result with a = 3 to the polynomial equation

x* + 6x3 + 2x% + 4x + 2 = 0(mod 11).
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32. Suppose that (r!,n) = 1 and let the numbers aq, a,, ..., a, be defined by
the equations

(ja; = l(mod n), j=0,1,...,r
Suppose that f(x) is a polynomial with integral coefficients and degree
(mod n) equal to r. Show that if a is an integer, then

r

f(x) = Y a;f9a)(x — ay(poly mod n).

j=0

There are times that this problem overlaps problem 31. Apply the result
here with a = 3 to the polynomial of problem 31.



